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1 O8aK

Replicator}x0rQ$?J=2<`}@K*$F, &J=H?M-7?&fK Met-

calfe [18] d=lrrb7?fe [12],"k. 3liO:HH%@N8.GV?M-,Q

=r%J9kWH$&k@r@F$k. =3G\FGO, N(*KD-Q0,"klgN

o,N?M-KD$FM!9k.2) CK33GON(*D-Q0HOx@K.5JN(*

JQ0,"klgH9k.

3NoNdjrM(?hT&fH7F, Harsanyi [8] ,"k.3) 3N&fOEXNHH_

G, .go,QU,FWl$d<,d*JpsKpE$F, G,?~H7FC'E1il

kcho,r*VuVNawKJCF$k3Hr(7?. D^j9YFN.go,Oaw

*K/QU (strict equilibrium)4)G"j, J=*KBjJo,G"k. ^?3Nh&J-A

1)E-mail:mitsurukikkawa@hotmail.co.jp, URL:http://kikkawa.cyber-ninja.jp/index.htm
2)t}8*X [13, 14]GO, 3Nh&KD-,Q09klgK*$F>R1 (bet-hedging)o,rT&$&

3H,NilF$k. 3lOD-,Q09klg,8*o,dG7J$?aKG,Jo,N_$&QlJo,
HOJi:, #tJo,,._9kH$&, ?MJo,,+ilk. 3Nh&J3H,+ilk}3H7F, ,
~YXtNAuKhk?aKG"k. ,~YXt,;Q?Q (jC?Q)NlgO=Nh&J3HO+il:,
v??Q (jh?Q)Nlg+ilk. PQXGO von Neumann-Morgenstern |TzQXtrQ$F$kN
G, 3ND@r=N^^vFOakH, >R1o,O+ilJ/Jk.

3)3lr0XKH%7?&fH7F, U#/F#7c9 Wl$ (fictitious play)[5, 6, 4] dG,~z?~
(best response dynamics) [9, 22]K*$FbHarsanyi [8] N(7?3HH1MNq],.j)DN+r4Y
F$k.

4)jA: Nash QU x ∈ Θ ,/QUHO, Fo, xi , x KP9kG,?~,lUNH-r@&. D^j
β̃ = {x} H$&X8,.j)D. ?@733G Θ ro,uV, β̃ r.go,NG,~z?~P~H9k.
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r ε∗ N<G\aD=(approachable) G"kH@olF$k. D^jD-Q0,"klg,

?MJo,,"j, =NuV, ESSG"k.

l}G Selten [23]Ord,"k (role-completed) 2<`5)K*$F, 59rd,J$2<

`K*$F/QUN_,J=*KBjG"kH$&3Hr(7?. hCF.go,QUO

=NjAe, QUG18x@r"2ko,,#t8_9kNG, /QUGOJ$. =b=

b3N2<`OINrdHJkN+,+i:, =NU#Gx@,Cj=G-J$?aK,

Harsanyi [8]HX","kHM(ilk. =N?a Harsanyi [8]ND@H7b,88, o

,N?M-O+ilJ$3HKJk.

=3G3N7brM!7? Binmore and Samuelson [2] O.go,NawOb$2~c

Ir}A, x@N]0,jP*Kg-/, rdN'1,jP*KT5NG"klg, Harsanyi

NkLH0g*G"j, .go,QUO ESSG"k. UKx@N]0,.5/, rdN'

1,5NG"klg, SeltenNkLH0g*G"j, .go,QUO ESSGOJ$, H$

&3Hr(7F$k. D^jrdN'1,T5NNlg, o,N?M-,"j, =&GOJ

$lg, ?M-O:olk.

^?Huck and Jörg [11]GO, Harsanyi?N2<`r Indirect Evolutionary Approach

H7, Selten?N2<`r Direct Evolutionary Approach H7?lg, GeLp2<`

(The Ultimatum game) K*$Fb Indirect, Direct Approach KhkQU,[Jk. =

NWxH7F0TOD-Q0,"kfGx@rG,=7, NashQUraaF$kNKP7

F, eTOCj=5l?T0N|Tx@rW;7, NashQUraaF$k. =N?aK0

THeTN2<`N=$,[JkH7F$k.

3Nh&KN(*D-Q0<GOINo,NH, NashQUHJkN+H$&3HOF

WJ3HGOJ$H$&3H,,+k. =3G\FGO^: Harsanyi?N2<`rJ=

2<`}@GgKHQ5lF$k Replicator}x0rQ$F0XNHH_KH%7, N(

*D-Q0,"klgrM!9k. hCFx@ giNM,D-NT,'JQ0KhCF, =

N?QM ḡNa5G~V*Kis@`JQ=r9kbNH9k. D^j!N}x0OrM

!9k.

dxi(t)

dt
= xi(t)

(

gi(t) − ḡ(t)
)

, gi(t) = gi + ζ(t)

!K Selten?N2<`GO, #tN0k<W,"klgHra7>7, 3NlgN2<`

rJ=2<`}@rQ$Fj0=7, ,O7?. =3GOJ=8VXK*$F PriceNx

0HFPlF$kx0,EWJrdr4CF$k3H,,+k.

3Nh&KEXNHH_GO7b7?3N 2DN?$WN&f (Harsanyi?, Selten?)

r1lNj!, Replicator}x0rQ$FD@7?. 9kH!N3H,,+C?. D-Q0

NFAru1kNO, .go,, b@rN_G"j, 3liO\aD=G"k. 3NlgP

N 2M2<`NlgBj-,Q=9k,, sPN 2M2<`NlgQ=7J+C?. !K

5)Maynard Smith [17] K>(P, c(P0*,cNljrh&u7G"kJi, {K=3K;sG$k0
*,TWl<d<, =Nljr%*&H9k0*,sWl<d<H$&h&K,Wl<d<VG_$KN'G
"k?i+N9[r70JkH7F*_$NrdrCj=9k3H,=,KD=G"k. ^?P~j}G, P
FT/MH~m&H9kM,VD+j=&KJC?lg,=l>lNo,,V=N^^>JWHVjjNLa
rTDWG"kJiP, PFT/M,V=N^^>JW7, ~kM,VjjNLarTDWH$&o,rHk
H$&7,O, 3NrdKM87?o,,B]KNQ5lF$klcG"k.
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rdN"k2<`GO, vi+irdr?(il?Wl$d<,*j, 3lr0k<W=

$N"k2<`Hra9kH, 0k<WbNQ0O Replicator}x0K>&. =N?ar

d,"k?+&OH2<`GOcho,, ESSHJk. 5iKO3N0k<W=$N"k

2<`rGlobal2<`X~Q7?. 33GQ,NN$:HO*j%_NYgH7?. =N

kL ESSKX7F, Global2<`+i@ilk1MNk@r@?. JeNh&K, N(*

D-Q0,"klgN2<`r Replicator }x0rQ$, o,N?M-NdjrM!7,

psNsPN-HX","kH$&k@r@?.

3N@8O!Nh&K=.5lF$k. h 2aGO, &J=H?M-KD$Fp\v`

r^Hak. h 3aGO, EXNlgND-Q0,"klgrhje2k. h 4aGO, 0

XNlgND-Q0,"klgrhje2k. h 5aGO, o,, 2DNlgrhje2

k. h 6aGO, 3Nj!r Global2<`X~Q9k. h 7aGO, k@rRYk.

2 p\v`

3NaGOJ=2<`}@N)lG&J=H?M-rD@9k?aKp\*Jv`r^

Hak. ^:J=2<`}@K*$Fp\*J}x0G"k Replicator}x0r3P9

k.6) 33GO!Nh&Ju7r[j7F$k. "kljK 2MNWl$d<,*j, 0

|HOH)KN DNo,rQ$klg, c(PTlK?Q*JdjjH?Q*Jc$jN

2<`rM(k. "k$OgMtNWl$d<,*j, 3li,N DNo,r}CF, 1P

1Gis@`K^CAs09klgrM(k.

33Go, irNQ9kN(, "k$Oo, irNQ7F$kMN4NKjak7'"

r xi(t) =
pi(t)

P (t)
, ?@7 P (t) r4NNM}7), pi(t) ro, i rNQ7F$kM}H9

k. !K3N xi(t)NQ0rM(kH, xi(t + ∆t) =
pi(t + ∆t)

P (t + ∆t)
HJk. xi(t + ∆t) =

xi(t + ∆t)X(t + ∆)

X(t + ∆)
=

(1 + gi)xi(t)X(t)

X(t + ∆t)
=

[1 + gi

1 + ḡ

]

xi(t), ḡ =
N

∑

i=1

xigi.

xi(t + ∆) − xi(t) = xi(t)
[1 + gi

1 + ḡ
− 1

]

= xi

[1 + gi − 1 − ḡ

1 + ḡ

]

= xi

[gi − ḡ

1 + ḡ

]

.

33G ∆t → 0H9kH, !,@ilk.

(2.1)
dxi(t)

dt
= xi(gi − ḡ).

3l,Replicator}x0G"k. 3N Replicator}x0O"ko, i rhC?H-N+

,Nx@,?Qx@hjbg-$lgKO, =No,rhkN(,b/Jj, ^?2<`

r7F$k~jNWl$d<,=No,rhkN(,b$[I=N}C(bb/Jk (0

t- (externality)N8_)H$&3Hr(7F$k.

6)Replicator }x0N3P!H7FO Lotka-Volterra }x0+i3P9k}!b"k. 3N}!O

Weibull [25], Hofbauer and Sigmund [10]r2H5l?$.
7)-BG"k,, gtN!',.j)DxYNg-5H9k. >KM},5BG"kH, N(d2<`+N

rjA9k3H,q7/Jk+iG"k. =N^oFH7F, 5BKa$-BNtH7F$k.
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!KQUKD$FjA9k. J=2<`}@O0XG"kNG, NashQUHO[Jj,

J=*KBjJo, (ESS)H$&50,HolF$k. CKReplicator}x0N?UuV

O, Nash QUG"k.

jA 1. o, qi ∈ Qi ,J=*KBjJo, (Evolutionary Stable Strategy: ESS)

G"kHO, INh&Jo, qj 6= qi KP7Fb, "k ǭq ∈ (0, 1) ,8_7, 9YFN

ε ∈ (0, ǭq) KD$F!NTy0,.j)D3Hr$&.

(2.2) F
[

qi, εqj + (1 − ε)qi

]

> F
[

qj, εqj + (1 − ε)qi

]

.

?@7 Qi rWl$d< iNo,N8g, F [·] rzQXtH9k.

^?3N ESSrC'E1kH, !Nh&J-ArbD.

?j 1. jA 1GjA7?J=*BjJo,OJ<NroH1MG"k.

(2.3) F (qj , qi) ≤ F (qi, qi), ∀qj,

(2.4) F (qj , qi) = F (qi, qi) ⇒ F (qj , qj) < F (qi, qj), ∀qj 6= qi.

Z@: ,. J=2<`}@Ne=*J\, c(P Weibull [25]JIr2H5l?$.

3N?j+ib,+kh&K, (2.3) ONashQUNroG"j, (2.4)O2aBj-Nro

G"k. hCFESSO2aBj-r}DNG, x@K.5JQ0,"klgG"CFb, F

A,J$H$&3H,FWKd,5lk.

!Kh[I3P7?Replicator}x0rQ$F, FisherNh 1j}(Fisher’s fundamen-

tal theorem of natural selection): V"k8*oN?Q*D-,~=ONe:(O, FDN

N,~=ON,6Ky7$W8)r3/. 3lrJ=2<`}@NHH_Gq-9(kH, !

N?jHJk.

?j 2.(Losert and Akin [16], Metcalfe [18]) ?Qx@Ne:(O, FWl$d<No,

N,6Ky7$. ^??Qx@O14}C9k.

Z@: U?2H.

3N?j+io,KD$Fo,N?M-,"lP"k[I, ?Qx@Oe:9k. D^

jV?M-,Q=r%J9kWHk@E1F$k. [18, 12] =b=b Replicator}x0O

NashQUXN}+7F$/0XWm;9r(7F$k. =N?avio,,TQlG, ?

M-,"klg, ~VHHbKo,,y9K NashQUX}+, Ql=7F$/?a, vi

O?Qx@Ne:(,b/Jk?aG"k.

8)\KhCFOV$/D+Nu7K*$F, J=**rO, ~VrL8F?Q8D,~Yr14K}C5;
k.WN}rG\7F$k. [25]
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3 D-Q0,"klg (EX)

3NaGOD-Q0,"klgrhje2k. 3NlgNe=*J&fH7F, Harsanyi [8],

Selten [23]rhje2k.

3.1 Harsanyi [8]

HH_OHarsanyi [8]K>$,j0=9k. G =
〈

N, (Ai), (ui)
〉

r-Bo,A2<`, 33

G NrWl$d<N8g, Airo,N8g, uirzQXtH9k. ^? ε =
(

εi(a)
)

i∈N,a∈A

rOO [−1, 1] G"kN(QtN2H9k. ?@7 ε =
(

εi(a)
)

i∈N,a∈A
O"3*Jy,D

=)YXtG"j, 04"3,[Xt, N(Y/Hk (εi)i∈N OH)G"kH9k.

]02<` (perturbed games), y.JN(*JQ0 εi(a) N<G, o, a rNQ7F$

kFWl$d< i Nx@, εi NFWl$d< i NB=M
(

εi(a)
)

a∈A
rNCF$k,, >N

Wl$d<NN(QtNB=MONiJ$h&J2<`rM(k. D^j ε NB=MN4

FND=JMN8gG"k+3NuVN8gK*1kY$8"s2<` G(ε), FWl$

d<N (&LN)ve.0O ε KhCFCj=5lkN(,[G, 2<`NjjKB=M
(

εi(a)
)

a∈A
N_rNi;kWl$d< iN70JkXt, =7Fo, arNQ7, uV εN

~NWl$d< iNx@O ui(a) + εi(a)G"kh&J2<`rM(k.

j} 1. (Harsanyi [8]) Wl$d<N8g N ,o,NuV AiH9k. x@O
{

ui(s)
}

i∈N,a∈A

H7, Θi = [−1, 1]#A eGjAG-kN( pi O9YFH)G, 2sy,D=,[H7, $

UNx@ ui O ε → 0H9kH, ]02<`K*$FNcho,NQU~Nx@ ũi HlW

9k.

3Nj}O]02<`N NashQUOKBGO9YFN.go,NVch=WH7FH

QD=G"k3Hr@CF$k. ^?3Nj}O NashQU,.go,NlgNH-Nr

aKD$FM!5lkH-h/hje2ilk.9) 3NH-NraH7FO, .go,QU

,FWl$d<,d*JpsKpE$F, G,?~H7FC'E1ilkcho,r*V

u7NawHJCF$k. FMNU1H7FOcho,r*r7F$Fb, d*N$:N

B=MrQ!G-J$,OTd, >NWl$d<KHCFFWl$d<O"?+b.go

,rHCF$k+Nh&K+(k. !K3Nch=}@ (Purification Theorem)KD$F

Ncrs2k.

c (Osborne and Rubinstein [20]) FWl$d< i, 2DNcho,, ai, bi r}D 2M

2<`rM(k. δi, i = 1, 2 OH)JN(QtG, =l>l [−1, 1] eKlMK,[7F$

kH9k. ^?N(Qt εi(a), i = 1, 2, a ∈ AO!N-Ar}D. ε1(a1, x)−ε1(b1, x) = δ1,

x = a2, b2, =7F ε2(x, a2) − ε2(x, b2) = δ2, x = a1, b1.

(1) KwNh$ (battle of the sexes)10) !K"kh&Jx@=NKwNh$K*$F,

4FN NashQUO εN<G, ~#D=G"k.

9)c(P Osborne and Rubinstein [20], SZ [1]JI,s2ilk.
10)KwNh$K*1k NashQUOcho,NH (a1, a2),(b1, b2) N 2DH, .go,NQU,8_9k.
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I@ II a2 b2

a1 2 + γδ1, 1 + γδ2 γδ1, 0

b1 0, γδ2 1, 2

Z@: cho,QUO@i+K~#D=G"k. 33GO.go,rM(k.

pi,i = 1, 2rY$8"s2<` G(γε)K*$F, Wl$d< iN?$W,T0 air*V

N(H9k. 3NH-!Nro,.j)DH-, Wl$d< 1 ,T0 a1 r*r9k3H,

G,HJk. hCF

(2 + γδ1)p2 ≥ (1 − γδ1)(1 − p2) ⇒ δ1 ≥ (1 − 3p2)/γ.

r@k. δ1,<B (1−3p2)/γKy7/JkH-, δ1NjAh −1 ≤ δ1 ≤ 1hj, 1
3 (1−γ) ≤

p2 ≤ 1
3 (1+γ)r@k. hCF p1 = 1

2

(

1− (1−3p2)/γ
)

HJk. ^?Wl$d< 2,T0 a2

r*r9klgKD$FM(kH, 1MN}!+i, p2 = 1
2

(

1− (2−3p2)/γ
)

r@k. p1, p2

KX9k}x0+i, =l>lKD$Fr/H, p1 = (2+γ)/(3+2γ), p2 = (1+γ)/(3+2γ)

r@, 3liOror~?9. γ → 0 H9kH, (p1, p2) → (2
3 , 1

3 ) HJkNG, .go,Q

UO~#D=G"k.

�

(2) !Nx@=K"kh&K ui(a1, a2) = 1, i = 1, 2G"j, >N4FNx@O 0G"k

2<`K*$F, cho,N NashQU (a1, a2) N_, ε N<G, ~#D=G"k.

I@ II a2 b2

a1 1 + γδ1, 1 + γδ2 γδ1, 0

b1 0, γδ2 0, 0

Z@: δj > 0HJkH-O$DGb, 1
2 NN(GT0 aj OT0 bj rY[9k. hCF

pj ≥ 1
2 .

#T0 aiKP9kWl$d< iNx@r pj(1 + γδi) + (1 − pj)γδi = pj + γδi H9k.

^?3Nx@O pj ≥ 1
2 H7, γ < 1

2 NH-, 9YFN δi G5G"k. 3Nh&K γ < 1
2

GWl$d< i N9YFN?$WOT0 ai r*r9k

Y$8"s2<` G(γε) OFWl$d< iN9YFN?$WOcho, air*VH$

&#lN NashQUr}D. 3Nh&K5N2<`K*1kcho,QU (a1, a2)N_,,

~#D=G"k.

�

Je+iEXNHH_G, D-KQ0,"klg, >R1o,,+il, =NQ0,.5

/JkH, Q0,J$lgHlW9kH$&ch=}@KD$FM!7?.

3.2 Selten [23]

Selten [23] OWl$d<,rdM8?o,rHk3H,G-klgKO, +jV5lk

5N2<`N/QUN_,J=*KBjG"k3Hr(7? (?j 5).
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33G@&rdN"k2<`HO, +,+HNrdK~8F, o,rQ99k2<`rX

9. #^GOWl$d<,o, x ∈ ∆(o,N8g) r$UNo, y ∈ ∆ KP7FQ$kH

-, Wl$d<,Wl$d<Nrd 1(TWl$d<)HWl$d<Nrd 2(sWl$d<)

NIAi+KdjvFilk+KXoi:, =Nx@O18 u(x, y) G"C?. 7+7J,

i, b78DN>NWl$d<,=No,rWl$d<NrdK~8FQ(kJiP, o

, x ∈ ∆ OU?DNWl$d<NrdK~8F[Jkx@r"2kD=-,"k. 9J

oAb7Pojj,, +iNWl$d<Nrd, 1G"k (7?,CFjjOrd 2)H,

+lP, y1 ∈ ∆rQ$, Wl$d<Nrd, 2G"k (jjOrd 1)H,+lP, y2 ∈ ∆

rQ$klg, o, x ∈ ∆ OWl$d<Nrd 1G=l,Q$ilkx@ u(x, y2)r"

2, Wl$d<Nrd 2G=l,Q$ilkx@ u(x, y1)r"2k.

33GOrdN"k2<`NcH7F, e=*J?+&OH2<`rs2k.

c'?+&OH2<` (Hawk-Dove Game)

2MNWl$d<Om[ V Nq:rhCF$k. >THN?B*JOHo,rHC?l

gKO>THbK V
2 r@k. 7+7>THb6b*J?+o,rhC?lgKO, h$N

kL, HbKqQ C ri47, @ilk[O V
2 − C HJk. =7Fl},?+o,r, >

},OHo,rHC?lgKO, ?+o,rHC?Wl$d<,4q:rM@9k. b7

C H V ,y7$JiP, 3N2<`KOOHH?+, ?+HOHH$& 2DNcho,Q

UH, FWl$d<,OHo,H?+o,rN( 1
2 GWl$9k.go,NQUNgW 3

DN NashQU,8_9k.

I@ II Dove Hawk

Dove V
2 , V

2 0, V

Hawk V, 0 V
2 − C, V

2 − C

?+&OH2<`Nx@=

3N2<`N ESSO.go,N_G"k.11) ^?3NQUNIjBj-Oj_CH5

$/kG"j, =$TBjJQU@G"k.12)

c: rd0w=?+&OH2<` (Role-completed Hawk-Dove Game)

$^sWl$d<JiPOH (D), TWl$d<JiP?+ (H) H$&o,rDHG=

-9kJiP, 4DNo,O DD, HH, DH, HD H=93H,G-k. lYFWl$d<K

=l>lNrdKM87?o,rHk3H,v5lkH, ?+&OH2<`O!Nx@=

G=5lkrd0w??+&OH2<`HJk. 3Nx@=OWl$d< 1H 2,HbK,

11)2DNcho,QUO ESSG"kH9kH, 9YFNWl$d<,?+ (OH)o,NuVK, OH (?+)
o,N.8D,/~9kH/~7?/tI?$WN},b$|Tx@r@k3HKJkNG, jAK?9k+
iG"k.

12)PN 2 M2<`NBj-O, Potential Xtr3~9lPFWG"k. x@Ts, A =

„

a 0
0 b

«

G"k

Gb1cJPN 2 M2<`N Replicator }x0O, ẋ = x(1 − x){(a + b)x − b} G"C?. 3lrTjQ,
7, dfrQ(kH, !NXtr@k.

U(x) = a+b

4
x4 − a+2b

3
x3 + b

2
x2 + C.

?@7 C OQ,jtH9k. 3l+i?+&OH? (a, b < 0)NH-O, 3N PotentialXtO.go, (b
@r)r:@H9k, 1v?NXtG"k. x@ a, bK]0rC(kH, XtNAu,Q=9kNG,IjTB
jG"k. CK]0,g-$lg, b@rGKMr:CF7^&.
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=l>l 2,N 1NN(GTWl$d<, sWl$d<H7F?+&OH2<`rWl$

7?H-N|Tx@G"CF, FWl$d<,TWl$d<, sWl$d<H7FWl$

7?lgNx@GOJ$3HKmU5l?$.

I@ II DD DH HD HH

DD V
2 , V

2
V
4 , 3V

4
3V
4 , V

4 0, V

DH 3V
4 , V

4
V
2 , V

2
V −C

2 , V −C
2

V
4 − C

2 , 3V
4 − C

HD V
4 , 3V

4
V −C

2 , V −C
2

V
2 , V

2
V
4 − C

2 , 3V
4 − C

HH V, 0 3V
4 − C, V

4 − C
2

3V
4 − C, V

4 − C
2

V
2 − C, V

2 − C

rd0w=?+&OH2<`Nx@=

3N2<`N ESSO4Wl$d<, HD?$W+iN_"kuVH4Wl$d<, DH

?$W+iN_"kuVG"j, .go,O ESSHOJiJ$. hCF5N2<`G"k

?+&OH2<`G, ESSG"C?.go,QU,TBjKJj, ESSGOJ+C? 2D

Ncho,QU,Bj=7?. Selten [23]O5iK3NkLrlL=7, !Nk@r@?.

?j 3. (Selten [23]) rd,"k2<`K*$Fo, x̄ ,J=*KBjG"k?aN,

W=,roO, x̄ ,5N2<`K*$F/ NashQUHJk3HG"k.

Je+ib,+kh&K, x@,N(*KQ09kHarsanyi [8]GO.go,, ESSG

"j, jjN?$W,,+iJ$rd,"k Selten [23] N2<`GOcho,, ESSH

Jj, 3liNk@K7b,88F$k3H,,+k.

4 D-Q0,"klg (0X)

4.1 0XG Harsanyi [8]

h 3aGOEXNHH_KhkD-Q0NM!G"C?. 3NaGO0X, Replicator}

x0rQ$F, h[Ihje2? 2DN?$WN2<`r,O9k. ^:Harsanyi?N&

fr Replicator}x0rQ$F, 0XKH%9k. 33GOx@,N(*D-Q0KhC

FQ=9kH9k. o, i rNQ7?~Nx@ gi(t) NMOT,'JQ0KhCF, ?Q

gi Na5G~V*Kis@`JQ=9kH9k. =N?aReplicator}x0O!Nh&K

V/3HKJk.

(4.1)
dxi(t)

dt
= xi(t)

(

gi(t) − ḡ(t)
)

, gi(t) = gi + ζ(t)

?@7 ζ(t) O?QM gi Na5GNis@`J~V*Q=r(9XtH9k. 3NH-?

UuVGO!N?j,.j)D.

?j 4. o,N,[ (x) O!Nh&JPt5,,[K>&.

P (x, t)dx = (2πσ2t)−1/2 exp
[

−
(

log x − log x∗(t)
)2

2σ2t

]dx

x
.
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Z@: U?2H.

3N?j+io,N,[,,+C?. hCF3N,[OPt5,,[K>&?aK, ,6

σ KhCF, ?M-,+ilklgH, +ilJ$lg,"k3H,,+k. D^j0XN

lg,6 σ NMN<G\aD=G"j, ch=}@,.j)D3H,,+k.

4.2 0XG Selten [23]

Selten [23]ND@r0XG,O9k?aK, vi+i#tNrdr}C?0k<W,"

j, =3GN2<`rM(k. D^j33GOVrdWrV0k<WWHra7FD@r

T&. Selten [23]GO, N( 1
2 Grdr?(ilF$?,, 33GOvi+irdr?(i

l?Wl$d< (0k<W),$kHM(k. c(P3N0k<WHO, x>gATHxJ

gATJI,M(ilk. =7F3N0k<WNg-5&M}NQ0rM(k.

33GO n(2 ≤ n < ∞) DN0k<W,"j, =l>lN0k<WNM}Kjakdg

r fi H9k. πi r0k<W i N?Qx@H9kH, M}4NN?Qx@O π̄ =

n
∑

i=2

fiπi

HJk. Je=-NJ1=N?aK,

n
∑

i=2

,

n
∑

i=1

JIr
∑

i

H=-9k. F0k<WO>

N0k<WHNjP*Jx@KhCFQ09kH9kH, !|N0k<W i NM}f(O

f ′
i = fi

π

π̄
HJk.

!K0k<W ifK*$F"kC-r}C?Wl$d<Nf(r xi H9kH, =&7?

C-r}C?Wl$d<NM}4NKjakf(O x̄ =
∑

i

fixi HJk.

3NH- PriceNx0H@olF$kX80,.j)D (?j 5). 3lO*rKhkJ

=N/3k0eK*1k, m\9k0k<WNx@NQ=r-R9kbNG"k.

?j 5. 3N2<`K*1kx@H0k<WNM}NQ0O!N}x0K>&. PriceN

x0: π̄∆x̄ =Cov[π, x] + E[π∆x].

Z@: U?2H.

JeNh&K0k<W=$,"klgO, PriceNx0,.j)D. 3Nlgb^? Repli-

cator}x0HJC?.

5 c: o,,2D"klg

5.1 Harsanyi?

0a^G,lL@G"C?, 33GOqN*J1<9rM(k. =3G33GOGbJ

1J2<`G"k, PN 2M2<`, sPN 2M2<`rhje2, Harsanyi [8]?N2<
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`r,O9k. 3NH-Nx@= (a, b, c, d ∈ ℜ13))O!Nh&G"k.

I@ II o, C o,D

o,C a, a 0, 0

o,D 0, 0 b, b

I@ II o, C o,D

o, C a, b 0, 0

o,D 0, 0 c, d

x@= 1 x@= 2

3NH-NPN 2M2<`N Replicator}x0O!r@k.

ẋ = (ax − by)xy, y = 1 − x.

?@7 xrWl$d< 1,o, CrHkN(H9k. ^?sPN 2M2<`N Replicator

}x0O!r@k.

ẏ = y(1 − y)
{

a − (a + c)x
}

, ẋ = x(1 − x)
{

d − (b + d)y
}

.

?@7 yrWl$d< 1,o, CrHkN(, xrWl$d< 1,o,DrHkN(H9

k.

c 0aNcH1MN_jK9k.

(1) 3<G#M<7gs&2<` (coordination game) !K"kh&Jx@=N3<

G#M<7gs&2<`K*$F, 4FN NashQUO εN<G, ~#D=G"k. ^?3

N2<`OPN 2M2<`G"k.

I@ II a2 b2

a1 2 + γδ1, 2 + γδ1 γδ1, 0

b1 0, γδ1 1, 1

3NH-NReplicator}x0O!r@k. ?@7 xrWl$d< 1,o, 1rNQ9k

N(H9k.

ẋ = x(1 − x)
{

(2 + γδ1)x − (1 − γδ1)(1 − x)
}

,

= x(1 − x)
{

3x − 1 + γδ1

}

.

hCF3l+i?U@O, x = 0, 1,
1 − γδ1

3
H,+k.

^?3N2<`N PotentialXtO!r@k.

V (x) =
3

4
x4 − 4 − γδ1

3
x3 +

1 − γδ1

2
x2 + C.

3N PotentialXtO.go, (b@r)r:@H9k, 1v?NXtG"k. x@ a, bK

]0rC(kH, XtNAu,Q=9kNG, IjTBjG"k. CK]0,g-$lg,

13)a, b, c, d NdfKhCF, 2<`N?,h^k.
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b@rGKMr:CF7^&.

(2) KwNh$ (battle of the sexes) KwNh$OsPN 2M2<`G"C?. 3N

H-N Replicator}x0O!r@k. ?@7 yrWl$d< 1,o, 1rNQ9kN(,

xrWl$d< 2,o, 2rNQ9kN(H9k.

ẏ = y(1 − y)
{

2 + γδ1 − 3x
}

, ẋ = x(1 − x)
{

2 − γδ2 − 3y
}

.

hCF3l+i?U@ (y∗, x∗) = (0, 0), (1, 1), (1, 0), (0, 1),
(2 − γδ2

3
,
2 + γδ1

3

)

H,+k.

?@7b@r,8_9k?aKO, 0 ≤ 2 − γδ2

3
≤ 1, 0 ≤ 2 + γδ1

3
≤ 1,.)9k,W,

"k. Wl$d< 2,o, 1rNQ9kN(O, 1 − x∗ =
1 − γδ1

3
HJj, Wl$d< i,

o, 1r*Vb@rNN(NH_O, (y∗, 1 − x∗) =
(2 − γδ2

3
,
1 − γδ1

3

)

G"k. 3NH-

Nb@rNIjBj-OH@HJCF$k (Z@,). hCFIjBj-OQoiJ$3H

,,+k. D^jvi+iWl$d<K?M-,"klgKO, D-Q0NFAOBj-

KO?(J$3H,,+k.

I@ II a2 b2

a1 2 + γδ1, 1 + γδ2 γδ1, 0

b1 0, γδ2 1, 2

5.2 Selten?

33GOGb1cJPN 2M2<`K*$F, M}fK 2DN?$W (S, A),8_9k

lgN2<`rM!9k.

I@ II H D

H a, a 0, 0

D 0, 0 b, b

33GOFWl$d<Ois@`K^CAs09kH9k. 33GN^CAs0N"j

}H7FO, [AA],[AS],[SS] N 3Lj,M(ilk. =l>lN^CAs07?~N?Qx

@O, x@=+i, πAA = a, πAS = 0, πSS = b G"k. =l>lN0k<WNM}fKj

akf(r=l>l, fAA, fAS, fSS H9k. M}fNWl$d< A Nf(r f H9kH,

Z" AA ,88kN(O f2, Z" SS ,88kN(O (1 − f)2, =7F Z" AS ,88

kN(O 1 − fAA − fSS = 1 − f2 − (1 − f)2 = 2f(1 − f) HJk.

F0k<WbGN A NC-rbC?Wl$d<Nf(O, =l>l xAA = 1, xAS = 1
2 ,

xSS = 0 HJk. l}Z" AS K*1k A NWl$d<N!|Nx@O, A NWl$d<

,0k<WfK 1
2 *j, A NWl$d<N?Qx@, 0JNG, !|O 0HJk. 7?,C

FZ" AS K*1k A NWl$d<Nf(NQ=O 0G"k.

33GPriceNx0
(

π̄∆x̄ =Cov[π, x] + E[π∆x]
)

rQ$k. PriceNx0Nh 2`\N|

TMO E[π,∆x] =
∑

i∈{AA,AS,SS}

fiπi∆xi = 0 r@k.
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^?

x̄ =
∑

i∈{AA,AS,SS}

fiπi = f

G"k3H+i, PriceNx0Nh 1`\N&,6O!r@k.

∑

i∈{AA,AS,SS}

fiπ̄(xi − x̄) = 0.

hCF0k<WbNx@HM}HN&,6O!r@k.

Cov [π, x] =
∑

i∈{AA,AS,SS}

fi(πi − π̄)(xi − x̄) = f(1 − f)
{

f(a + b) − b
}

.

3lO 4.2aGbhje2?h&K Replicator}x0H1MNAr7F$k.

c ?+&OH2<` (a, b < 0): 3Nlgb1MK, 0k<WbNQU@O/QU 2D

(HD, DH)H.go,QUH$& 3D8_9k. h[IH1MND@rQ$k3HKhC

F, .go,O ESSHOJiJ$. =N?a Selten [23]NkLH1MKJk.

6 H%: Global2<`X~Q

33GOeR7?j!rQ$F, Global 2<` [3, 19] r,O7, =Nc$rM!9k.

6.1 p\bGk

^:3NGlobal2<`rj0=9k. 3N2<`O!Nh&Jx@=N2<`G"k.

I@ II C D

C x, x x, 0

D 0, x a, a

?@7 a > 0H9k. 3N2<`K*$F x < 0 JiP, a > 0 G"k?a, Wl$d<

1, 2 &Ko, Dr*r9k. l} x > a JiP, Wl$d< 1,2 &Ko, Cr*r9k.

D^j x < 0 "k$O x > a Nlg, 3N2<`O#lN NashQU,8_9k. 7+7

x ∈ [0, a] NlgKO, >Wl$d<,HbKo, Cr*r9klgH, >Wl$d<,H

bKo, Dr*r9klgN 2DN NashQU,8_9k.

33GFWl$d<Nx@KX9kpsNT04-r3~7, Wl$d<NT0,I&

Q=9k+KD$FM(k. 33GO xNM, [x−, x+] NOOGlM,[K>&N(Q

tG"j, [0, a] O [x−, x+] K^^lkH9k. D^j xNMO04psNbHG#lN

NashQU,8_9k1<9H#tN NashQU,8_9k1<9N>Tr^sG$k. ^

?Wl$d<AO?N xNMKN$:,CoC?70Jk sArQ!7, sA O [x−ε, x+ε]

NOOGlM,[K>&N(QtH9k. 3Nh&J_jN<G!N?j,.j)D.

?j 6. (Carlsson and van Damme [3]) psNN$:,-oaF.5$ (ε → 0) H9k

12



H, s−∗H s+∗,lW9k. ^?FWl$d<No,N*rro, CHo, DK,d-&

70Jk s∗,8_9k. =7F ε → 0hj, 70Jk, xN?NMK}+9k?a, xK

D$Fb1MJ-&M x∗ , x ∈ [0, a] NOOK8_9k.

6.2 0X

5.2aGOis@`K^CAs09klgrhje2?,, 33GFWl$d<O*j%

_^CAs0(assortative matching) r7F$kH9k. =N?a#tN0k<W,"k

H9k.

3N Global2<`K*$FOjjNx@ (0k<W)r5NKOQ,G-J$. 5NK

Q,G-klgGON( 1G%_NjjH^CA7, Q,G-J$lgKOis@`K^C

As09kH9k. D^jQ,KhkN$:r33GO^CAs0Khk*j%_YHM

(k3HG, 0XNGlobal2<`Hra9k. hCFeRNkL+i*j%_Y,g-$

lgO, QU,#lKJk3H,d,5lk.

33GO 2DN0k<W=$ (S, A),"klgNQUrM!9k.

I@ II C D

C x, x x, 0

D 0, x a, a

I@ II C D

C x, x 0, 0

D 0, 0 a − x, a − x

33GOFWl$d<Ohsc&jjHPqCFe-N2<`rT&. ?@73NH-

NWl$d<Ois@`K^CAs09kNGOJ/, +,H18?$WNWl$d<H

N( rGPq$, 1 − rG04Kis@`K^CAs09kH9k. hCF r = 0JiP,

is@`K^CAs09kH9k.

33GN^CAs0N"j}H7FO, [AA], [AS],[SS]N 3Lj,M(ilk. =l>

lN0k<WN?Qx@O, x@=+i, πAA = x, πAS = 0, πSS = a − x G"k. =l

>lN0k<WNM}fKjakf(r=l>l, fAA, fAS , fSS H9k. M}fNWl

$d< A Nf(r f H9kH, Z" AA ,88kN(O fAA = f
(

r + (1 − r)f
)

HJk.

1M\NWl$d<, AG"kN(O f G, 3NWl$d<ON( rG18 ANWl$

d<HPq$, N( 1− rGis@`^CAs0HJCFN( f G A NWl$d<HPq

(k+iG"k. 1MK7F, Z" SS ,88kN(O fSS = (1 − f)
(

r + (1 − r)(1 − f)
)

HJj, =7FZ" AS ,88kN(O 1 − fAA − fSS = 2f(1 − f)(1 − r) HJk.

F0k<WbGN ANC-rbC?Wl$d<Nf(O, =l>l xAA = 1, xAS = 1
2 ,

xSS = 0 HJk. l}Z" AS K*1k A NWl$d<N!|Nx@O, A NWl$d<

,0k<WfK 1
2 *j, A NWl$d<N?Qx@, 0JNG, !|O 0HJk. 7?,C

FZ" AS K*1k A NWl$d<Nf(NQ=O 0G"k.

h[IH1MK PriceNx0rQ$k. PriceNx0Nh 2`\N|TMO E[π,∆x] =
∑

i∈{AA,AS,SS}

fiπi∆xi = 0 r@k.

^?

x̄ =
∑

i∈{AA,AS,SS}

fiπi = f
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G"k3H+i, PriceNx0Nh 1`\N&,6O!r@k.

∑

i∈{AA,AS,SS}

fiπ̄(xi − x̄) = 0.

hCF0k<WbNx@HM}HN&,6O!r@k.

Cov [π, x] =
∑

i∈{AA,AS,SS}

fi(πi−π̄)(xi−x̄) = f(1−f)
{

af−(a−x)+r(x−af)
}

.

3N}x0+i!N3H,,+k.

?j 7. NashQU@O 3D8_7, (i) x > a NH-, Cov[π, x] > 0 G"j, (ii) x < 0 N

H-, Cov[π, x] < 0 G"k. 3NH-ESSO#lG"k. (iii) x ∈ [0, a] G, af − (a−x)+

r(x− af) > 0 r~?9H-, Cov[π, x] > 0 G"k. ^? af − (a− x) + r(x− af) < 0 r

~?9H-, Cov[π, x] < 0 G"k. 3NH- ESSO#lG"k. hCF3lir~?5J

$~KO, #tQU,88F$k. CK r → 1NH-, -&M x =
a

2
,8_7, x >

a

2
NH

-, Cov[π, x] > 0 G"j, x <
a

2
NH-, Cov[π, x] < 0 G"j, ESSO#lG"k.

Je+i Global2<`r Replicator}x0rQ$F,O7, x > a ^?O x < 0 NH

-O ESSO#lG"j, x ∈ [0, a] G"CFb, roKhCFO#lN ESSr}D. CK

r → 1 Nlg#lN ESSr}D. 3Nh&K ESSKX7F, {8NGlobal2<` [3]H1

MNk@r@?.

7 *ojK

JeNh&K{8N}@r^Ha, Replicator }x0rQ$F, Harsanyi [8]?, Sel-

ten [23]?N2<`r,O7?. =NkL=l>lEXNk@H0g*G"j, !N3H,

,+C?. 1lNx@=$r}Dlg, D-Q0Ko,N?M-OR6K?~9k,, 1

lGOJ$lgO, Q=7J$. ^?3N2<`K*1ko,QUO,6 σ N<G\aD

=G"k. (Harsanyi [8]?, &J=) !Kx@=$KXoi:, T0w=$N"k2<`

Oo,N?M-O:old9$. (Selten [23]?, &J=) GeKFWl$d<NQ,KN

$:,"klgO, o,N?M-,"klgG"CFb, ?M-,:olkD=-,"k.

(Global Game [3], &J=)

{8N&f [13]GOzQXtN=$KhCF, o,N?M-,:olk+G"C?,, 3

N&fGOpsNsPN-KhCF, ?M-,:olk+]+G"k3H,,+C?.

J=2<`}@rQ$kH, I$bN,8-DkH$&, qA79F`rNQ7F$k

?aKo,N?M-r:$d9/, ?MJuVOD-KR6KQ=9k. =NepsKX

9ksPN-,8_9kH, o,N?M-O:old9$.

3Nh&J=$r}CF$kNG, RqH7Fo,N?M-r]DKO, ?MJMVN

8_d1lNlgO=[b)FilJ$/i$NTNBK5;k+, QUK}+7F$/

0K, 2<`N=$+N (k<k)rQ=5;F$/JI,M(ilk.
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U?

?j 2NZ@: ?Qx@ ḡ =
N

∑

i=1

xigi G"k. 3lr~VGy,9kH, !r@k.

(A.1)
dḡ

dt
=

d
(

N
∑

i=1

xigi

)

dt
=

N
∑

i=1

(dxi

dt
· gi

)

.

33G
dxi

dt
OReplicator}x0G"C?NG,

dḡ

dt
=

N
∑

i=1

(

xi

[

gi − ḡ
]

· gi

)

=
N

∑

i=1

xi

[

gi − ḡ
]2

(≥ 0)

r@k. J<Ji,

N
∑

i=1

xi[gi − ḡ]2 =

N
∑

i=1

xi

(

g2
i − 2giḡ + ḡ2

)

=

N
∑

i=1

xigi(gi − ḡ) − ḡ

N
∑

i=1

xigi + ḡ2
N

∑

i=1

xi

=
N

∑

i=1

xi(gi − ḡ)gi − ḡ2 + ḡ2 =
N

∑

i=1

xi(gi − ḡ)gi

r@k. bAmsG*`OFWl$d<No,N,6G"k.

�

?j 4NZ@: (4.1)r0QA9kH, !r@k.

log
xi(t)

x(0)
− git +

∫ t

0
g(t)dt =

n
∑

k=1

ξk.

?@7~V tr;$~VVV τ G n y,7, Q,r=N.hVK,d7F=7F"k. ^

?F.hVNQ,r ξk =

∫ kτ

(k−1)τ
ζ(t)dt H7?. ξk(k = 1, 2, · · · , n)O?QM 0r}C? n

DNH)JN(QtH_k3H,G-kNG, 3lO!Nf4KBj},.j)D.

j} 2. (f4KBj}) {Xn},H)1,[N(QtsG, E(Xn) = m, Var(Xn) =

σ2 < ∞r~?7F$kH9kH-, 3NH-

Wn(ω) =
1√
n

n
∑

j=1

(Xj(ω) − m

σ

)

=
1√
nσ

(

Sn(ω) − nm
)

O n → ∞NH-, 8`5,,[ N(0; 1) r}DN(QtK!'}+9k. 9JoA,

lim
n→∞

P
(

Wn(ω) ≤ x
)

=
1√
2π

∫ x

−∞
exp

[

− 1

2
u2

]

du, ∀x ∈ ℜ

,.j)D.
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N(Qt ξ1, ξ2, · · · KeNj}r,Q7, ξk N,6ry7/ σ2τ H7, x∗(t) = x0 exp
[

(g̃−

gi)t
]

, g̃ =
1

t

∫ t

0
ḡ(t),

∑

σ2
i = nσ2τ = σ2t, dXn =

dX

X
H7, n → ∞, τ → 0 H7F, ~o

tGNo,N,[O!N0K>&.

P (x, t)dx = (2πσ2t)−1/2 exp
[

−
(

log x − log x∗(t)
)2

2σ2t

]dx

x
.

3NAN,[OPt5,,[(lognormal distribution) HFPlF$k.

�

m 1. 3N,[rQ$FM(?H-No,N,[N|TMO, x = ey H*$FW;9lP,

〈

x
〉

=

∫ ∞

0
xP (x)dx = (2πσ2t)−1/2

∫ ∞

−∞
exp

[

− (y − y∗)2

2σ2t

]

dx

= x0 exp
[

g̃ − gi

]

t exp[σ2t/2]

r@k. 3lOD-Q0,J$lgK, exp[σ2t/2] H$&`r]1go7?lgr=7F

$k.

?j 5NZ@: π′
i *hS x′

i r=l>l!|N0k<W i Nx@*hS0k<W i f

K*$F"kC-r}C?Wl$d<Nf(H9kH, x̄′ =
∑

i

f ′
i · x′

i H=5lk. ^?

∆xi = x′
i − xi H*/H,

x̄′ − x̄ =
∑

i

f ′
i · x′

i −
∑

i

fixi =
∑

i

fi
πi

π̄
x′

i −
∑

i

fixi

=
∑

i

fi
πi

π̄

(

xi + ∆xi

)

−
∑

i

fixi =
∑

i

fi

(πi

π̄
− 1

)

xi +
∑

i

fi
πi

π̄
∆xi

r@k. 33G ∆x̄ = x̄′ − x̄ H*-, e0K>UK π̄ r]1kH,

(A.2) π̄∆x̄ =
∑

i

fi(π − π̄)xi +
∑

i

fjπi∆xi

r@k. &UNh 2`\O π∆x N (E_U-)|TM E[π∆x] =NbNG"k. π H x H

N&,6O Cov[π, x] =
∑

i

fi(πi − π̄)(xi − x̄) G"k. 33G
∑

i

fi(πi − π̄)x̄ = 0 G"k

3H+i, (A.2)0N&Uh 1`\O Cov[π, x] Ky7$. hCF (A.2) 0O!r@k.

π̄∆x̄ =Cov[π, x] + E[π∆x].

�

m 2. 3N PriceNx0O Replicator}x0H1MG"k.14)

14)Page and Nowak [21] GO, Replicator }x0hjblL*J Replicator-Mutator }x0 (ẋi =
Pn

j=1 xjfj(x)qji − xif̄) rQ$F, 1M-r(7F$k. ^? Replicator-Mutator }x0OX,N}x
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Z@: ?Qx@ E(p) =
∑

i

pixi H*/H, ~VKhk 1,y,O!r@k.

Ė(p) =
∑

i

piẋi +
∑

i

ṗi.

33GO Replicator}x0O ẋi =
∑

j

xjfj − xif̄ G"C?. 3lrh[IN0Ke~

7, 0}9kH,

Ė(p) =
∑

i,j

xjpifj − p̄f̄ + E(ṗ) = Cov (f, p) + E(ṗ)

r@k. hCF PriceNx0,@il?.

�

m 3. 3N PriceNx0+iO FisherNh 2j}VA0N?Qe`NQ=(, AAHD-

,~=OHN&,6Ky7$Wb3P9k3H,G-k. ^?3Nh 2j}rJ=2<`

}@NHH_GOV0k<WbGNM}NQ=O, 0k<WNM}H,~Y (x@)HN&

,6Ky7$.WHra9k3H,G-k.

PriceNx0N&Uh 2`rJ,7?A Ė(p) =Cov (f, p) OFisherNh 2j}HFPl

F$k.

Z@: 0k<WbGNM}NQ=O!r@k.

dh̄

dt
=

∑

i

dsi

dt
· hi =

∑

i

si(gi − ḡ) · hi.

33G0k<WbGNx@HM}HN&,6O,

Cov(g, h) =
∑

i

si(gi − ḡ)(hi − h̄) =
∑

i

si(gi − ḡ)h − h̄
∑

i

sigi + ḡh̄
∑

i

si

=
∑

i

(gi − ḡ)hi − ḡh̄ + ḡh̄ =
∑

i

si(gi − ḡ)hi

r@k. 33G Cov(g, h)O gi H hiN&,6, 9JoAV0k<WbGNx@ (,~Y)

H0k<WbGNM}HN&,6WK[+JiJ$.

�

m 4. h 2j}rCK h = g H9kH, h 1j},3P5lk.

Z@: h 2j} E(w)∆E(z) = Cov(w, z). 33G, z = w H9kH,

E(w)∆E(w) = Cov (w,w) = Var(w)

0H7Fh/Q$il, Replicator}x0GO"ko,Nx@,?Qx@hjbb1lP (c1lP), N( 1
G}C (:/)9k,, Replicator-Mutator}x0GO, qji NMKhCF}C (:/)N(,j^k. D^jX
,NT.yrbM8K~l?y,}x0G"k.
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r@k. hCF!r@k.

∆E(w)E(w) = Var(w).

�
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