
04-1,"kN(*J=2<`}@

Stochastic Evolutionary Game Theory with Perfect Recall
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1 O8aK

Lo8+A (game in extensive form), +jV72<`}@ (repeated game theory)GOg}

*JWl$d<,|vNzQ, =l^GK@ilk|TzQrW;7, =l,GgKJkh&K

T0rhakH$&, e~-"<! (backward induction)GT0rhaF$?.

l}J=2<`}@ (evolutionary game theory)GO`!*KT0rhj7F$?. Replicator

}x0rQ$kbNGO, "ko,rNQ7?H-N|Tx@,2<`4NN?Q|Tx@h

jbb1lP, =No,rNQ9kM,}C7, c1lP:/9kH$&akc* (myopic)J

T0hjG"C?. ^? Kandori, et al. [12], Young [25]+iO^kN(*J=2<`}@

(Stochastic Evolutionary Game Theory)d|MN8ls^2<`r,O7? Rapoport and

Chammah [20], Nowak [18], Hofbauer and Sigmund [8] JINl"N&fO"ko,+i"k

o,XNd\N(rM(? Markov"? (Markov Chain)G"C?.

c(P|o8hK*1kUWhjNdjKD$FM(F_kH, -hNPhvr04Kd@

7?eGT&H$&3H (+jV72<`}@) d?bM(:, =NlGT0rhj9kH$&

3H (J=2<`}@) hjO, `7manNP3KpE$F=lrT&H$&3HN},?$

HW(k. =3G\FGO04-1r}C?N(*J=2<`}@NHH_r=[9k. qN

*KO^:3NMarkov"?rQ$?2<`No,Nd\N_Ke\7, lL*J2<`r=

[7, !KanKM87FT0rhj9kH$&bGkKH%9k.

3N-1 (memory, recall)1),zr (history)Ke\7?&fOt?/8_9k. c(P (Bounded)

RecallNdjGO, Lehrer [16], Aumann and Sorin [2] ,"k. (Bounded) MemoryNdjG
∗E-mail:mitsurukikkawa@hotmail.co.jp, URL:http://kikkawa.cyber-ninja.jp/index.htm

1)memoryHOanNpsrB]KH&+I&+H$&,o,KX9k-AN3Hr=7, recallHOanN3H
rP(F$k+I&+H$&, 2<`K*1kps8gKX9k-AG"k.
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O, Sabourian [21], Di Tillio [23], Cole and Kocherlakota [3], JI,s2ilk,, 3liO

$:lb+jV72<`N8.G"C?.

=3G\FGOJ=2<`}@K*$FanN9YFNT0&o,rj?H7F, #|NT

0&o,rhj9kH7?. =N?a!|N"ko,rNQ9kN(OroU-N(G-R9

k3H,G-k. 3lOanN9YFNT0&o,,U#kHl<7gs (filtration) HJj, "

kN(Qts,,g (adapted)7F$kJiP, ^kAs2<k (martingale)G"k+, I&+

r4Yk3H,G-k. 3N^kAs2<k2) rQ$k3HKhCF04-1NdjrM!7

?. 3N^kAs2<kND@Ot}U!$Js9N,nG?/D@5lF$k3) . GO2<`

}@N8.G3N^kAs2<kG"k+I&+r4YkH, INh&J3H,,+kN+r

M!7?. ^?3N2<`}@Og}*|TA.d04=[0X (perfect foresight dynamics)

N}@*J,rH7F*(k3HbG-k.

\FO!Nh&K=.5lF$k. h 2aGO, MarkovaxH7FN2<`rj0=7, j

o,[r4Yk. h 3aGO, h 2aNbFrH%5;, anNT0KM89kbGkK7, 3

l,^kAs2<kG"k3Hr7, 3N-ArxQ72<`r,O9k. h 4aGO, k@H

#eN]jr-9.

2 Markov Chain

2.1 `w: 8+A2<`

3NaGO3NMarkov"?rQ$?J=2<`}@ [20, 18, 12, 25, 14]rtXH7F*(

>9.

33G (Ω,F , P )rN(uVH7, ΩOuV, F OuV ΩNt,8gN2, P O (Ω,F)eNN

(H9k.4) 3NMarkov"?G-RG-k2<`O8+A2<`G-R5lk. 3N8+A

2<`OA0*K!N 5DNWGNHGjA5lk.

Γ = (K,P, p, U, h).

KO2<`NZ, P OWl$d<,d (player partition), pOv3jVNN(,[2G"j, N

(Qt, UOps,d (information partition), hOx@Xt (payoff function)r=7F$k. 3

lKD$F\7/O,D [19]yr2H5l?$. CKN(@NHH_G-9H, Fn ∈ U, n ≥ 0

HJk.

^:8+A2<`KD$FN`wrT&.

jA 1. Wl$d<NT0o,(behavioral strategy of player) i OH)JN(,YN2

(bi(ui))ui∈U , ?@7 bi(ui) OT0N8gA(ui) eNN(,YG"k.5) CKFps8g ui ∈ U ,

=7F T0 a ∈ A(ui) NH-, bi(ui)(a)HjA9k.

Wl$d< iNcho,O, Fps8g u K*$F 1DN*rhKN( 1rU?9kCLJ

T0o,H+J;k.

jA 2. Γ = (K,P, p, U, h) r8+A2<`H9k. 2<`NZK Nt,ZK ′KP7F,

2)#^G2<`}@K*$F^kAs2<krQ$?bNH7F, N(2<` (stochastic game)dd*psK*
1k>=Ndj [6],s2ilk.

3)5[j}@H^kAs2<kN,O,X8"k?aK9sK&f5lF$k.
4)N(@eG8`A2<`Nj0=N\YOHn [13]r2H5l?$.
5)3NjA+ib,+kh&Ko,HON(,[GOJ/, N(QtG"k.

2



ΓN9YFNps8gO K ′NjVHK ′J0NjVr1~K^`3HOJ$

JiP, 2<` ΓNF=.WGrt,Z K ′ K)B9k3HKhjt,Z K ′rbD8+A2<

`rjAG-k. 3Nh&J2<`r, 2<` ΓNt,2<`(subgame)H$&. X9e, 2<

`+Hb ΓN 1DNt,2<`H+J9.

jA 3. 2<` ΓNt,2<` Γ′H Γ′ K*1kT0o,NH b′ = (b′1, · · · , b′n) KP7F, t

,2<` Γ′4NrWl$d<N|Tx@Y/Hk Hs(b′) =
(

Hs
1(b′), · · · ,Hs

n(b′)
)

GV-9(

FG-k2<`r, t,2<` Γ′ HT0o,NH b′ Khk2<` ΓNLs2<`(truncated

game)H$$, T
(

Γ
∣

∣ Γ′, b′
)

H=9.

jA 4. 8+A2<` ΓNt,2<` Γ′,Wl$d<NT0o,NH b = (b1, · · · , bn)KhC

F~#D=G"kHO, T0o,NH bN<G Γ′Ni|@ o′,5NN( p(o′|b) > 0 r}D3

HG"k.

jA 5. 8+A2<`ΓK*$F9YFNWl$d< i(= 1, · · · , n)N9YFNps8g u ∈ Ui

,?@ 1DNjV+iJkH-, 2<` ΓO04ps2<`(game with perfect information)

G"kH$&.

04ps2<`GO, 9YFNWl$d<,T0r*r9kH-, =NjV0N2<`NWl$

NkLr04KNk3H,G-k. 3NH-!Nj},.j)D3H,NilF$k.

j} 1. (Kuhn [15]) 2<`NZ,-BN95r}D04ps2<`GO, cho,KhkQ

U@,8_9k. ?@7, 2<`NZN95HO 1DNWl$K^^lkjVNGgtN3HG

"k.

8

8

10

0

0

10

6

6

-60

2

24

4 0 -6

^ 1. 8+A2<`Nc

2.2 `w: N(axH7FN2<`}@

!K3NN(QtO~V/8*G"kNG, N(axrM(k3HKJk. 5iK3No,

OroU-N(KhCFhakH9k. =3G^:3liNjArT&.

jA 6. N(ax(stochastic process)
{

X(t, ω); 0 ≤ t < +∞, ω ∈ Ω
}

HO, uGJ$$UN

8g T rQia<?<uVH7F}DN(uV (Ω,F , P )eGjA5l?N(QtN2G"k.

hCFF t ∈ T rGj9khK, X(t),N(QtG"k3HrU#9k. CK T ,+3tJ$

70tN~KO, N(QtsH$&.
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CK\FGOanNv]KP7F, #|Nv]rhakNG, !NroU-N(rjA9k.

jA 7. v]B,?(il?~N, v]ANroU-N((conditional probability) HO!r

~?93Hr$&.

P
(

A
∣

∣B
)

=
P (A ∩ B)

P (B)
.

>j 1. \FGOuVuV S,-B8g, D^jo,Nt,-BNlgrM(k6) . hCF

S = {s1, s2, · · · , sN}

H9k.

33GroU-N(KP7F, anKM87J$, H)JN(QtsHO!NjAr$&.

jA 8.
{

Xn;n = 0, 1, 2, · · ·
}

,H)N(QtsG"kHO, $UN n = 1, 2, 3, · · · , $UNu

V s0, · · · , sn KP7F

P
(

Xn = sn

∣

∣ X0 = s0, · · · ,Xn−1 = sn−1

)

= P (Xn = sn)

,.j)DH-r$&.

CK 1|0Nv]KM87F#|Nv]rhj9klgO Markov"?H$&. 33GO3

lKX"7?bFbjA9k.

jA 9.
{

Xn;n = 0, 1, 2, · · ·
}

,Markov"?(chain)G"kHO, $UN n = 1, 2, · · · , $U

NuV s0, · · · , sn KP7F,

(2.1) P
(

Xn = sn

∣

∣ X0 = s0, · · · ,Xn−1 = sn−1

)

= P
(

Xn = sn

∣

∣ Xn−1 = sn−1

)

,.)9kH-r$&. ^? (2.1)rMarkov-(property) H$&.

jA 10.

P
(

Xn = j
∣

∣ Xn−1 = i
)

= P
(n)
ij , P (n) =

(

P
(n)
ij

)

, n = 1, 2, · · · , N

P (n) r9FCW n − 1K*1kd\N(Ts(transition probability matrix) H$&. hCF

P (n)OuVuV SNWGNtr N H9kH, N !5}TsG"k.

j} 2. Markov"?O n = 1, 2, · · · KP9kd\N(Ts P (n)H, i|,[

P (X0 = i) = µi, i ∈ S

KhCFlUKj^k.

Z@ Markov"?,G\5lF$kN(@N5Jqr2H5l?$.

jA 11. P (n), nKM87J$H-, ~V*KlMJMarkov"?H$&.

jA 12. i|,[ µi NH-, !r~?9N(,[ µj OMarkov"?Njo,[(stationary

distribution) HFPlk.

µj =
∑

i∈S

µiP
(n), j ∈ S.

6)5B8gNlgO, o,Nt,5B8_9klgKP~7,3N2<`O5BMarkov"?HJk. 7+73N
5BMarkov"?NlL*J-AO$@?/,,+CF$J$.
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Je^G,Markov"?NtX*`wG"C?. e-^GGjA7?bNr2<`}@N8.

G*(>9H, !Nh&KJk. h ks\N2<`K*1ko,;CHr ~Xk = (X1,k, · · · ,Xn,k)

H9k (@@7 nO2<`r7F$kWl$d<Nt). 33G, $U-B!5NN(!'rj

akHN(ax
{

~Xk, k = 1, 2, · · ·
}

,j^CF, +jV7N"k2<`,j0=5l?3HK

Jk. CK0sNPojjNo,N_rM8K~lF!sNo,rhakNG"lP, 3NN

(axO%6~VNMarkovaxG"j, 8+A2<`HJk. 5iKF+No,N8g,-B

8gG"lP, Markov"?G"j, =N,',~VKM87J1lP, ~V*KlMJMarkov

"?HJk.

j} 3. (gtN/!')

(i) -BuVr}D{s(k4<I* Markov"?O#lNjo,[ ~µ ∈ P
(

S(n)
)

r}D.

(ii) 3NH-,

lim
T→+∞

1

T
ui

(

~XT

)

=

∫

S(n)

ui(s1, · · · , sn)d~µ(s1, · · · , sn), ∀i,

,N( 1G.j)D.

Z@ Markov"?,G\5lF$kN(@N5Jqr2H5l?$.

j} 1(Kuhn [15])O04ps2<`K*$FGbp\*Jj}G"k, 2<`NZ,-BN

95r}Dlg, cho,KhkQUN8_rZ@7?. >K2<`NZ,5BN95Nlg

O, ,:7b.)7J$3H,NilF$k. UK3NJ=2<`}@K*$FO, 2<`NZ

,5BN95r}Dlg, jo,[,8_7, -BN95r}Dlg, ,:7bjo,[K}+

7J$NG, .)7J$H$&3H,,+k. ^?j} 1GOlU-O^^lJ$,, j} 2G

OlUKj^k. 3lOUWhjNE}Kc$,"k+i88k.

!K3NMarkov"?Njo,[NC'E1rT&. D^jN(QtrQ$F, r50rjA

9k. N(QtG==9klgN?aKJ<Nh&J-fr3~9k.

L(Si)r SiKMrhkN(Qt XiN4N (i = 1, 2, · · · , n),

L
(

S(n)
)

r S(n)KMrhkN(Qt ~X = (X1, · · · ,Xn)N4N,

L0

(

S(n)
)

r
{

~X = (X1, · · · ,Xn) ∈ L
(

S(n)
)

,X1, · · · ,Xn,H)N(Qt
}

,
(

~X−i, Yi

)

r (X1, · · · ,Xi−1, Yi,Xi+1, · · · ,Xn),
(

~Xi, Yi

)

r (Y1, · · · , Yi−1,Xi, Yi+1, · · · , Yn).

jA 13. o, ~X ∈ L0

(

S(n)
)

,NashQU(equilibrium) G"kHO,

E
[

ui( ~X)
]

≥ E
[

ui( ~X−i, Yi)
]

, ∀i, ∀Yi ∈ L(Si),
(

~X−i, Yi

)

∈ L
(

S(n)
)

,.j)DH-r$&.

jA 14. o, ~X ∈ L0

(

S(n)
)

,J=*KBjJo,(Evolutionary Stable Strategy, ESS)G

"kHO,

(1 − ε)E
[

ui( ~X)
]

+ εE
[

ui( ~Xi, Yi)
]

> (1 − ε)E
[

ui( ~X−i, Yi)
]

+ εE
[

ui(~Y )
]

∀~Y 6= ~X, ∃ε0 > 0, 0 < ∀ε < ε0

,.)9kH-r$&.

^?3NjA+ibFWKJ=*KBjJo,O NashQUroH2aBj-NroG"k
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3H,,+k.

#^GJ=2<`}@NQU50H7FJ=*KBjJo,7),HolF$k,, 33GO

gMtNgN,8_7, =li,is@`^CAs07F=N?UuVH7FHolF$?,,

e-Nh&KgMtNgN,8_7J/Hb, N(*Ko,r*r9kNG"lP, =Nh&J

>jOT,WG"kH,+k.

2.3 c: o,, 2DNlg

Je^G,j]*JlL@G"C?. 33GOGb1cJcho,N8g, 2DNlgrh

je2k. CKhT&f Rapoport and Chammah [20], Nowak [18], On [14]GO|MN8l

s^Ncrhje2F$k.

33Gcho,N8g S = {C,D}, Zn = (Xn, Yn);n = 0, 1, · · · O S × SNMrhk~V*

KlMJMarkov"?H9k. hCF^ 2Nh&K0| n − 1KNQ7?o,+i#| n|K

NQ9ko,XN+\N_Ke\9k. hCFt,2<`Ke\9k.

C

D

C

C

D

C

D

C
D

D
C

D
C

D

subgame 1

subgame 2

subgame 3

^ 2. Markov"?H7FN2<`

33GOd\N(TsO 4!NTsG=5lk. FuVO (C,C),(C,D),(D,C),(D,D)NgK

BsG$kbNH9k. 33G, c(P Zn(Ω) =(C,D) O,5v]ΩK*$F, ns\KWl$

d< I,o, CrP7, Wl$d< II,o,DrP7?3HrU#9k. 3N~d\N(Ts

P O!0G?(ilF$kH9k.

P =











pp′ p(1 − p′) (1 − p)p′ (1 − p)(1 − p′)

qp′ q(1 − p′) (1 − q)p′ (1 − q)(1 − p′)

pq′ p(1 − q′) (1 − p)q′ (1 − p)(1 − q′)

qq′ q(1 − q′) (1 − q)q′ (1 − q)(1 − q′)











33G p^?O q OWl$d< II,>0K=l>l C ^?O DrP7?~, Wl$d< I,

CrP9roUN(G"k (DrP9roU-N(O=l>l (1 − p)*hS (1 − q)). Wl$

d< IIKP7Fb1MKWl$d< IN>0NjKhCF CrP9roU-N(O=l>l p′

^?O q′H9k. =NeG_$KH)Ko,rhak. c(P, h 1Th 1s.,O>0KWl

7)LoHolkJ=*KBjJo,HO!K3Hr$&.
o, ~p,J=*KBjJo,(Evolutionary Stable Strategy, ESS)G"kHO,

(1 − ε)u(~p, ~p) + εu(~p, ~q) > (1 − ε)u(~q, ~p) + εu(~q, ~q), ∀~q 6= ~p, ∃ε0 > 0, 0 < ∀ε < ε0

,.)9kH-r$&.
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$d< I,II&KC@C?H-, !K I,II&KCrP9roU-N(r=7F$k. ^?i|,[

OWl$d< I,IIO_$KH)K Cr=l>lN( y, y′GP9bNH9k. hCFi|,[O

π0 =
(

yy′, y(1 − y′), (1 − y)y′, (1 − y)(1 − y′)
)

H=5lk.

!Nx@XtrjA9k. 33GO!Nh&Jx@=N2<`rTCF$kH9k.8)

I@ II o,C o,D

o, C A,A 0,0

o,D 0,0 B,B

x@= 1

hCFx@XtO, f(C,C) = A, f(C,D) = 0, f(D,C) = 0, f(D,D) = B G"k. 33GWl

$d< INo, ~a = (y, p, q)rhj, Wl$d< IINo,~b = (y′, p′, q′) rhC?~NWl$

d< INx@ u(~a,~b) OG**K5BK~Vr+1FBj7?~Nx@H9k, 9JoA,

u(~a,~b) = lim
n→∞

Eπ0

[

f(Xn, Yn)
]

G"k. 33G Eπ0 [ · ] Oi|,[ π0 Hd\N(TsKhCFlUKh^C? Markov"?

Zn;n = 0, 1, 2, · · · N,[Khk?QG"k. 3NKB,8_7J$~O, Markovax,~|

*JlgG"k+i, $ofk;Q?Qrhk. hCFs~|*Jlgb^aF, KB,8_7

FjAD=HJk. 9JoA,

u(~a,~b) = lim
n→∞

1

n
Eπ0

[

f(Xn, Yn)
]

GjA9k. 33G!Nh&KQia<?<r*/.

r = p − q, r′ = p′ − q′, s =
q′r + q

1 − rr′
, s′ =

qr′ + q′

1 − rr′

9kHjo,[GO!N?j,@ilk.

?j 1. (Nowak [18]rQ9)

(i) |rr′| < 1 N~, MarkovaxO{s, s~|*G"CF, jo,[O!NMK}+9k.

π =
(

ss′, s(1 − s′), (1 − s)s′, (1 − s)(1 − s′)
)

.

3NH-x@XtO!NMK}+9k.

u(~a,~b) = A · ss′ + B · (1 − s)(1 − s′).

(ii) r = r′ = 1 N~, Markov axOuV (C,C) H (D,D) ,=l>ljo,[G"j,

(C,D),(D,C)N 2@,RHDNF"`rnj, 7+b~|O 2G"k.

u(~a,~b) = A · yy′ + B · (1 − y)(1 − y′).

(iii) r = r′ = −1 N~,!MarkovaxOF"`, (C,C),(D,D) H (C,D),(D,C)N 2DG-

F, $:lb~|O 2G"k. 3NH-N 1~|UjN|Tx@O!NMK}+9k.

u(~a,~b) =
A + B

2

(

yy′ + (1 − y)(1 − y′)
)

.

(iv) r = 1, r′ = −1 N~, (C,C)+iP/7?MarkovaxO (C,C) ⇒ (C,D) ⇒ (D,D) ⇒

(D,C) HgKsCF$-, ~|O 4G"k. 3NH-N 1~|UjN|Tx@O!NMK}+9

k.

u(~a,~b) =
A + B

4
.

Z@ 4!5")}x0H9YFNuVB, 1HJk3H+i/7Q(JW;rT(P, 3P9

k3H,G-k.

8)3Nx@=OPN 2 M2<`K*1k]Fs7ck=(7F$k. (I) A > 0, B < 0Nlg, s8ls^?N
2<`, (II) A < 0, B > 0Nlg, |MN8ls^?N2<`, (III) A, B > 0Nlg, 3<G#M<7gs?N2<
`, (IV) A,B < 0Nlg, ?+=OH?N2<`r7F$k.
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!K3Njo,[K*1kFWl$d<N|Tx@KD$F4Yk.

?j 2. (i) |rr′| < 1
(

⇔ r, r′ ∈ (−1, 1)
)

r~?9H-, 3N2<`Njo,[O A,B < 0N

H- ESS HJk.9)

(ii) r = r′ = 1r~?9H-, 3N2<`Njo,[, o,NH (C,C), (D,D) OA > 0, B < 0

NH- (C,C) , ESS HJj, A < 0, B > 0NH- (D,D) , ESSHJk. ^? A,B > 0NH

- (C,C), (D,D) =l>l ESSHJk. ?@73NlgIAiNjo,[HJkN+Oi|,

[ y, y′ NMKhk.

Z@ 3Njo,[OBjG"kNG, / Nash QUror~?;Ph$. 3N|Tx@,/

Nashror~?9NO, ?+=OH?, A,B < 0NH-KBk.

!Kvi+ihj@ko,K)Br_1k. 33G)BrN$:Hra7, 3NN$:KhC

FONBKo, C, o, Drhk3H,G-J$h&Ju7rM(k10) . D^j p, qK!Nh

&J)Br_1k.

ε > 0 rGj7F, ε ≤ p ≤ 1 − ε, ε ≤ q ≤ 1 − ε,

H9k11). 9kH!N3H,,+k.

?j 3. |rr′| < 1
(

⇔ r, r′ ∈ (−1, 1)
)

r~?9H-, 3N2<`K*$F, =l>lN2<`

N?K*1kjo,[O ESSHJk.

Z@ ?j 2H1MGO |rr′| < 1 NH-KX9kbNG"C?. 33GON$:r3~7??

a, <@rND=-,S|5lk.

Je+ihT&fG"k Nowak [18]K*$FO, N$:,J$H-O<@rK}+9k3HO

J+C?,, N$:r3~7?kL, b@rr}D?aNror~?9?aK, loN<@rN

rrbhj7&3H,G-?. =NkLLoN (J=)2<`}@H1MNk@r@k3H,G

-?.

!KhT&fG"kKandori, et al. [12], Young [25],(7? 2M3<G#M<7gs2<`

K*$FWl$d<8DN5BKa$-BNtNlgKOj9/Y[*J (risk-dominant)Q

U,, ?H(=l,>NQUKhCFQl<H*KY[5lF$FbJ=2<`N04QUH

Jk12), H$&3Hr3NbGkNHH_GN'7, 3NbGk,N(*J=2<`}@Nb

GkN_K^kJbGkG"k3Hr(9.

9)Nowak [18]GO|MN8ls^2<`K*$F9YFNx@,y7/JkNG, ESSO8_7J$Hk@U1
F$k,, B]O ESSO8_9k,,}+7J$H$&N,57$G"m&. ?j 3KX7Fb1MN3H,@(k.

10))BrC(k3HN}3O?Gbh$. c(P'NNdjd, 4}, 6pNdjJI,s2ilk
11)Nowak [18]GOhjlL*Ju7 ε → εi, i = 1, 2, 3, 4H7F,O7F$k.
12)c(P!Nh&J2<`,s2ilk.

I@ II o, C o, D

o, C 4,4 0,3

o, D 3,0 2,2

x@= 2

3N2<`K*$FO, (Wl$d< INo,,Wl$d< IINo,) =(o, D, o, D)Oj9/Y[*JQU
G"k,, (o, C,o, C)K ParetoY[5l?QUG"k.
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jA 15. (Harsanyi and Selten [7]) 3<G#M<7gs2<`K*$F, NashQUE1,Nash

QU E2rj9/Y[(risk dominance)13) G"kHO, A > B NH-r$&. ^? E2,E1r

j9/Y[G"kHO, A < B NH-r$&.

O 1. 3N2<`K*$F, A,B > 0(3<G#M<7gs?)NH-, j9/Y[*Jo,O

jo,[HJj(k.

Z@ i|MKhk (?j 2).

JeKhjMarkov"?rQ$?Gb_K^kJlL*J (J=)2<`}@r=[7?. =

NkL^:2<`N|V,-BH5BNlgGO, jo,[N8_N-5KX7Fs(O2<`

HO[C?. =lJ0KX7FOs(O2<`H1MNk@r@kH$&3H,,+C?. !K

qN*KOo,, 2DNlgGOqN*Kjo,[r3P7, ESSHJkror3P7?. 5i

Kvi+ihj@ko,K)Br_1, 3NlgNjo,[,oK ESSHJk3H,,+C?.

2.4 Martingale

!aN04-1,"kbGkK~k0K$/D+NtX*`wrT&. ^:^kAs2<k

NjArT&.

jA 16.
{

Xn,Fn;n ≥ 0
}

,^kAs2<k (martingale)G"kHO,

(i) E
( ∣

∣Xn

∣

∣

)

< ∞, ∀n ≥ 0

(ii)
{

Fn

}

O filtration G
{

Xn

}

O
{

Fn

}

K,g7F$k.

(iii) E
(

Xn+1

∣

∣ Fn

)

= Xn a.s., ∀n ≥ 0

r~?93Hr$&. (iii) K*$F, = , ≤ GV-9(ilkH-,
{

Xn,Fn;n ≥ 0
}

O%^

kAs2<k (supermartingale), ≥ GV-9(ilkH-, t^kAs2<k (submartingale)

HFPlk.

^kAs2<kHO~o tJ0N9YFNzr,?(il?H-NU#kHl<7gs Ft N

roU-|TMO, ~o t GNMKy7$H$&3Hr@CF$k. 33Gh[IjA7?2<

` (Markov"?)H3N^kAs2<kHNX8O!N?jr@k3H,G-k. 33G I e

NBtM-&Xt f : I → Rrhj, 33G9,nQG (difference operator) Lf r!Nh&K

jA9k. d\N(Ts P (n) =
(

P
(n)
ij

)

,?(il?H-, I eNBtMXt f : I → R Kn

Q9k9,nQGr

Lf(i) =
∑

j∈I

pijf(j) − f(i), i ∈ I

HjA9k. ?@7 f O$UN i ∈ I KP7F,
∑

i∈I

pij|f(j)| < ∞ r~?9h&JXtH9k.

?j 4. n = 0, 1, 2, · · · KP7F,

Yn = f(Xn) − f(X0) −
n−1
∑

k=0

Lf(Xk)

H*/. 3NH-, (Yn)n=0,1,2,···O (Fn) KX7F^kAs2<kG"k.

13)GaGO3N50r5iK/85;, p-Y[QUH$&50b"k. \7/O#f, ,D [9]Nh 3Ox3->f
aN@8, h 5O!'f-afaN@8r2H5l?$.
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Z@ U?2H.

e-N?j+i3N2<` (Markov "?)O^kAs2<kG"k3H,,+C?. hCF

!N}+j},.j)D.

j} 4. (^kAs2<kN}+j})
{

Xn,Fn;n ≥ 1
}

,t^kAs2<kG sup
n

E(X+
n ) < ∞

r~?7F$kH9kH, n → ∞ NH-, {Xn} O E(|X|) < ∞ r~?9KB X K5}+9

k.

hCFeNj}+iN(QtOjo,[O5}+9kH$&3Hr(7F$k. ^?j} 3H

b0g*G"k3H,,+k. !K3N^kAs2<kOd_~VHX"7F*j, ^:=N

d_~VNjArT&.

jA 17.
{

Fn

∣

∣ n ≥ 0
}

,UkHl<7gsG"kH-, N(Qt N ,
{

Fn

∣

∣ n ≥ 0
}

KX9

kd_~V(stopping time), "k$OMarkov~V(time)G"kHO
{

ω
∣

∣ N(ω) = n
}

∈ Fn,

∀n ≥ 0 ,.j)D3Hr$&.

3NjA+ibN(axHUkHl<7gs,^kAs2<kG"k3HH, N(Qt,d

_~V,8_9k3HO1MG"k3H,,+k. 3Nd_~VN50rQ$kH, $UjP

j} (optimal sampling theorem),3+lk.

j} 5. ($UjPj}) (Xk,Fk)rt^kAs2<k, Tk, k = 1, 2, · · · r Fn-d_~VH9

k. Tk O-& Tk ≤ mk, +D, }g Tk ≤ Tk+1, k = 1, 2, · · · H9k. Yk r

Yk(ω) ≡ XTk(ω)(ω), k = 1, 2, · · ·

HjA9lP, (Yk,FTk
)bt^kAs2<kG"k.

Z@ 3Nj}rZ@9k]K, !N 2DNdjrxQ9k. \YODoob [4]JIr2H5l?

$.

dj 1. Fn-d_~V SH T , S ≤ T r~?;P, FS ⊂ FT G"k.

dj 2. (Xk,Fk)rt^kAs2<k, S, T r Fn-d_~VH9k.

S ≤ T ≤ m(jt)NH-, E(XT

∣

∣ FS) ≥ XS , a.s.

3Nj}O%^kAs2<kNlgb1MK.)9k. hCF^kAs2<kNlgb1MK

.)9k.

^?3Nj}N=,roH7F!Nj},NilF$k.

j} 6. (Y,F)r^kAs2<kH7, T rd_~VH9k. =NH-!Nror~?9H-,

E(XT ) = E(X0),.j)D.

a) P (T < ∞) = 1, E(T ) < ∞

b) !Nror~?9h&Jjt c,8_9k. E
(∣

∣Yn+1 − Yn

∣

∣

∣

∣Fn

)

≤ c, ∀n < T .

3Nj}+i33Gj0=7?Markov"?H7FN2<`O^kAs2<kG"k3H+i,

10



2<`NltrHCF-Fb9YFNt,KP7F, |Tx@Oy7$. 3lr2<`}@G

M(kH, Ls2<`ND@KP~9k.

3 04-1

#^GO, 0|No,, T0N_rj?K7F, #|No,, T0rhaF$kbGkG"C

?. =3G3NaGO, 04-1,"kbGkKH%9k14) . Wl$d<,anN+,NWl$

NkLr04KNC?eG*rrT&2<`r, lLK04-12<`H$&.

jA 18. 8+A2<` Γ,04-12<`(game with perfect recall)G"kHO, 9YFN

Wl$d< i(= 1, · · · , n)N9YFNps8g u, v ∈ UiKP7F, b7 vN"kjV y, u+

i^ cKhCF~#D=JiP, vN9YFNjV,18^ cKhCF u+i~#D=G"k3

HG"k.

04-12<`GO9YFNWl$d<OFjVK*$F,

(1) anN+,NjVGN9YFN*r, *hS

(2) anN+,NjVGxQD=G"C?9YFNps

r-17F$k. 04ps2<`O, 04-12<`NCLJlgG"k.

hCF3N04-1,"k2<`K*$F, N(QtsO!Nh&Kh^kH9k.

(3.1) N(Qts
{

Xn;n = 0, 1, 2, · · ·
}

, $UN n = 1, 2, · · · , $UN s0, · · · , sn KP7F,

P
(

Xn = sn

∣

∣ X0 = s0, · · · ,Xn−1 = sn−1

)

3N2<`r0aH1MKo,Nd\Ke\7?H7Fbr/3HOG-J$NG, N(@

Nj!rQ$k3HKhCF,O9k. Lo3Nh&J2<`r,O9k]KO, Aumann,

j0=7?jXQU@ [1]ND@rQ$k.

3NlganNT0&uV+i"kN(G+\7F7?JuVHJk. 3l,5Bs+jV

9H$&3HrM(F$kNG, tX*KON(QtN5B>QrM(F$k3HKJk. GO

B]K5BDNH)N(Qt,jAG-kh&JN(uV,"kN+H$&dj,88k. 3

NH)N(QtsN8_KD$FO!NlL*JkL,"k.

j} 7. (Ωk,Fk, µk), k = 1, 2, · · · rN(uVN5BsH9k. >Q Ω =
∞
∏

k=1

Ωk NB8Xt

x = (x1, x2, · · · ) ∈ Ω 7→ xk ∈ Ωk r9YFD,K9kG/N σ-8gNr F H9kH-, D,u

V (Ω,F)eK!Nh&JN(,Y P = Pµ,#l8_9k:

P (x1 ∈ A1, · · · , xn ∈ An) = µ1(A1) × · · · × µn(An) (Ak ∈ Fk)

Z@ Doob [4]JIr2H5l?$.

!Kj} 5($UjPj})+i!NWaldN}x0,3/. ?@7LoWaldN}x0ON(

QtNBKX7FHQ5lF$k15),, 33GON(QtNQKX7FWaldN}x0H1M

14)Matsui and Matsuyama [17] KhCFM!5l?-hN3H,04K=[G-kH$&, 04=[0X (perfect
foresight dynamics)HO?UN0XHJk.

15)LoWaldN}x0HO!rX9.
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Nq]N}x0r3P9k.

j} 8. (QKX9kWaldN}x0) XnON(QtH9k. T , E(T ) < ∞ r~?9d_~

V, µOXnN?QG"j, -BNMG"kH-,

E(X1 × · · · × XT ) = µE(T )

,.j)D.

3lrZ@9kNO!N”Q”N^kAs2<kKX9kQ+Nj} [24],,WG"k.

dj 3. X1,X2, · · · rsiH)N(QtsG, F9N?QO 1G"kH9k. M0 = 1HjA

7, n ∈ N KP7F,

Mn := X1X2 · · ·Xn

H9k. 3NH-, M Osi^kAs2<kG"j,

M∞ := lim Mn , a.s.K8_9k.

=7FJ<N (i),(ii),(iii),(iv),(v) O1MG"k.

(i) E(M∞) = 1,

(ii) L1NU#G Mn → M∞,

(iii) (M) OlMDQ, (UI)

(iv)
∏

an > 0, ?@7 0 < am := E(X
1
2
n ) ≤ 1,

(v)
∑

(1 − an) < ∞

b7eN 5DNIl+ 1D,.j)?J$H-KO,

P (M∞ = 0) = 1

G"k.

Z@ Z@OWilliams [24]JIr2H5l?$.

j} 8NZ@ U?2H.

3li+i!N?j,.j)D3H,,+k.

?j 5. 3N04-1,"k2<`O^kAs2<kG"k.

Z@ +@.

Je+i3N2<`,^kAs2<kG"kJiP, QKX9kWaldN}x0rH&3HK

hCF, +\N(N?Q p∗,j^k. 3l+iFgNN|TzQNM,,+j, =NNashQU

,j^k. 3Nh&K^kAs2<kG"lP, FWK2<`rr/3H,G-k. ?@73N

2<`G"CFbLoNJ=2<`}@K*1k NashQUHlW9k.

c1. h/Nil?+jV7|MN8ls^ (x@= 3) rhje2k. ?@7 T > R > P > S

r>j9k. #^GND@+iis@`d_~o^GNx@BO, ?Qd_~oH|Tx@N

?QNQG=5lk (x@= 3’). ?@7 V¯WOd_~V^GN?Q|Tx@r=7F$kH

Xn ON(QtH9k. T , E(T ) < ∞ r~?9d_~V, µO Xn N?QG"j, -BNMG"kH-,
E(XT − X0) = µE(T )

,.j)D.
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9k.

I@ II o, C o,D

o, C R,R S, T

o,D T, S P, P

I@ II o, C o,D

o, C R̄,R̄ S̄,T̄

o,D T̄ ,S̄ P̄ ,P̄

x@= 3 x@= 3’

hCFParetoG,J(4T0rB=5;k?aKO, NashQUro+i R̄ ≥ T̄ +D S̄ ≥ P̄

H$&ro,,WG"k. 3l+i 1 ≥ p∗ ≥
T

R + T
≥ 0, +D 1 ≥ p∗ ≥

P

S + P
≥ 0r@

k. hCF3l+i!Nror~?9H-, ParetoG,J(4T0rB=9k3H,G-k.

1 ≥ p∗ ≥ max
{ T

R + T
,

S

S + P
, 0

}

.

?@7d_~V^Go, Crhk?QN(r p∗H9k. 3Nh&KN(@rQ$kHFWK

,OG-k.

!K (3.1)KN$: εr3~9k16).

P
(

Xn = sn + ε
∣

∣ X0 = s0, · · · ,Xn−1 = sn−1

)

33GOM9J,[NN$: ε,M(ilk.

?j 6. ?Q, 0G"kh&J5jXNN$:17) ,"k04-1,"k2<`O^kAs2<

kG"j, ?Q, 0GJ$h&JjXN"kN$:18),"k04-1,"k2<`O^kAs

2<kOJ$.

Z@ |TMrhj, ?Q, 0+]+G, jA 15 (iii) ,.)9k+]+,j^j, ^kAs2<

kG"k+]+,j^k.

hCFN$:KjX,"klg, t,2<`H7FjP9k3H,G-J$. JeND@K

hCFjXQU@GD@rT&lg, ^kAs2<kG"k+]+3HrM(k3HKhCF,

,O,FWKJk3H,,+C?.

4 ^Ha

JeNh&K~V/8*J2<`rN(@N)lG*(>7?. =NkL!N3H,,+C

?. -BMarkov"?Os(O2<`G@&, 8+A2<`G"C?. ?@7-BMarkov"?

Os(O2<`HO[Jj, jo,[,lUGOJ+C?. ^?o,, 2DNlgN2<`K

*$F, jo,[raa, =N-Ar4Y?. !KanNT0KM89kbGkH7, =NN(

ax,^kAs2<kG"klgOt,2<`KP~7, anNT0KhiJ$3H,,+C

?. =l,^kAs2<kGOJ$lgOjXQU@ND@HJk. ^?3N3HrL8F, t

}JXH7FNW%H7F, N(QtNQKX7F, WaldN}x0KP~9kbNr3P7?.

33GOT0,N(*Kh^kH$&is@`5+i3Nh&J3H,@(?.

16)33GOM9JWxKhCF+\N(,Q09kh&JbNrN$:H9k (Selten [22]).
17)c(P8`5,,[, [o$HN$: (white noise)JI,s2ilk.
18)c(P Poisson,[K>&N$:JI,s2ilk
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#eN]jH7F, t}H7FOo,Nt,5BN, 5B!5hVK*1k, Markov"?d

MartingaleNdj,"k. 3liO?/N3H,$@rhG-F$J$. c(P RandomTs

+iN"Wm<Ab=#<$G"m&. ~QdjH7F3NbGkrT0wps<N2<`K

H%9k. N(*J=2<`}@KT0wps=$r3~7?&fH7F Jensen, et al. [10] ,

s2ilk. hCF3NbGkr~Q9kH, eTNN(*J=2<`}@KT0wps=$

N}@bGkHbJj&k.

5iKO7_el<7gsKhCF,O5lF$k-1|VNdjrt}H7FN,O,s

2ilk19) . 3NdjOjXQU@NdjK^^lk,, ,Oj!r/7Q97J$H5}+

b7lJ$.

U?

?j 4NZ@

F YnO-&G, (Yn), (Fn)- ,gG"k3HO@i+G"j, 3N?jO!r(;Ph$.

E[Yn+1 − Yn, A] = 0

H3m,3N|TMOroU-|TMrQ$F,
∑

i∈I:P (Xn=i)>0

E
[

(Yn+1 − Yn) · 1A

∣

∣Xn = i
]

P (Xn = i)

Hq-9(k3H,G-k. ^?

Yn+1 − Yn = f(Xn+1) − f(Xn) − Lf(Xn)

O (Xn,Xn+1)NMN_Gj^k+i, roU-N( P (· | Xn = i) N<G FnHH)G"k. 7

?,CF

E
[

(Yn+1 − Yn) · 1A

∣

∣Xn = i
]

= E
[

Yn+1 − Yn

∣

∣Xn = i
]

E
[

1A|Xn = i
]

G"k. H3m,, Markov-H+i

E
[

Yn+1 − Yn

∣

∣Xn = i
]

=
∑

j∈I

pijf(j) − f(i) − Lf(i) = 0

G"j, ?j,(5l?.

(Z *)

j} 8NZ@ X1,X2, · · · rH)JsiN(QtNsH7,

E(Xk) = µ, ∀k

H7, M0 = µ, F0 = {∅,Ω} H7F,

Mn = X1X2 · · ·Xn, Fn = σ(X1,X2, · · · ,Xn)

HjA9k. 5iK Yn = Mn − µT HV/.

^:3N Yn,=l>l filtration {Fn}KD$F^kAs2<kG"k3Hr(9. 33G

OMn,^kAs2<kG"lP, Ynb^kAs2<kG"kNG, MnN^kAs2<kG

"k3Hr(9. 3NH- n ≥ 1 KP7F,

E(Mn|Fn−1) = E(Mn−1Xn|Fn−1) = Mn−1E(Xn|Fn−1) = Mn−1E(Xn) = µMn−1

r a.s.NU#G@k. hCF µ ≤ 1NH-%^kAs2<kG"j, µ = 1NH-^kAs2<

kG"k. ^?e0N>Ur µnGdkH,

E

(Mn

µn

∣

∣

∣ Fn−1

)

=
Mn−1

µn−1

HJk. hCF
Mn

µn
O^kAs2<kG"k.

19)hT&fH7F, Sabourian [21],s2ilk.
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!K3l,$UNd_j}Nror~?93Hr(9. 33Gdj 3rQ$kH!Nro,

.j)D3H,,+k. 20)

E

(∣

∣

∣
Yn+1 − Yn

∣

∣

∣

∣

∣

∣
Fn

)

= E
(

Mn(1 − Xn)
)

< ∞

hCFj} 6hj, E(YT ) = E(Y0) = µ,∀T HJk. 3l+i

E(Yn) = E(Mn − µT ) = (X1 − µ) = 0.

hCF

E(Sn − µT ) = 0, E(X1 × · · · × Xn) = µE(T ).

(Z *)
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