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MOTIVATIONS

® ThisTalk is consist of the project for Game Theory as
Probability Theory (Normal Form Game , Statistical
Mechanics, etc.).
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Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

* Step 3) Derive Wald ‘s equation

® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).




g Martingale 1IZB8 9 % ZE{g

6efiniti0n. A sequence X={Xn;n=0} isa martingale Witm
respect to the sequence F={Fn; n= 0} if, for all n = 0,

(i) E(|Xn])<o0
(ii) {Fn} is filtration, {Xn} is adapted for {Fn}.
\(i}) E(Xn+1 | Fa) = Xnas., vV n=0

In (iii), it “=" can be replaced “ =” we call the pair {Xn, Fn ; n =0}

a supermartingale, and“ =7 we call the pair {Xn, Fn ; n= 0} a

b/

submartingale.

{Proposition. Markov Chain is a Martingale.}
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| filtration{Fn | n=0} if {® | N(®)=n}€F., Vn=0.

Definition. A random variable n taking values in {0,1,2,...} U {00}\

is called a stopping time, or Markov times with respect to the
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/Theorem. Let (Y,F) be a martingale, and let T be a stopping time.
Then E (YT)=E(Y0) it the following holds:

a) P(T<o0) =1, E(T) <00

b) there exists a constant ¢ such that

@
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_ E(|Ynt+1-Yn| | Fa) = ¢, forall Vn<T. .




* Wald’s equation. Let X1,X2, ... be independent identically
distributed random variables with fintie mean L , and let
n
Sn — i1 Xi . Itis easy to see that Yn=5n—n [l constitutes a

martingale with respect to the filtration {Fn} where Fn = G (Y1,
Y2, ...,Yn). Now

E( |[Ynt1—Yn | Fn) =E | Xnt1 — U |
= E | X1—pu| < oo
We deduce from Optimal Stopping theorem that E(YT) = E(Y0)=0
for any stopping time T with finite mean, implying that
E(ST) = L E (T).
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Method

[' Step1) This game is a Martingale or not. }

—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

* Step 3) Derive Wald ‘s equation

® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).
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Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping
time is tinite)
[ ® Step 3) Derive Wald ‘s equation ]
® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).
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Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

® Step 3) Derive Wald ‘s equation

[ ® Step 4) Derive a Nash Equilibrium.]

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).
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Markov Chain

'[ Markov Chain = game in extensive form}

® Behavioral strategy (but we don’t analyze the relation
between a mixed strategy and behavioral strategy )
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EXAMPLE

Y <t 2 D

C,D),(D,C),




g
o MIMAH. (CcCc),{CD}, {(DC},  {DD}
7o = (W', yd-y),@-y)y, - y)1-y"))
wy: 74—l nidEWIcHITiccEZh TR H TR
#,

o FIBBIXK: f(C,C)=A, f(C,D)=0, f(D,C)=0, f(D,D)=B
- Fimz BEC | BBED
BEC AJA |00 SE;SYN
#HED 00 |B,B 7=k

o R Y mBR 7 L

4a.5)= e 11, Y] 0(a6)=limE, [(X,.Y,)]
&

/




™

(Nowak[18] 2 & )
(1) [rr’|<1 DR, MarkoviBTE X BN, IEAMNTH - T, EH
AT 7=(ss',5(1-5"),(1-5)s", 1—s)A-s))ITURKRT 5.

DL EZAF/ARKIZROEIINEKT S,

u(a,b)=Ass+B(1—s)(1-s")

(i) r=r'=1 O R, MarkoviBRE IFRB(C,O L O DYBENENEHR
SHTHY,(CD),DC D2EADBVOLO>OHIFHZED., Ld
bEAWIT>THB. u(@b)=Ay+BA-y)1-VY')

(iii) r=r’=-1 DK, MarkoviBFEIZ FH I H(C,0),(D,D) &
(C,D),(D,C)D2DTET, WITNbAMII2THS, CDL &
A4 Y oI/ IZROMEIZIREKRT 5,

U(é:, 6) _ A+ B

2
(iv) r=1,r=-1 DK, (C,C) i b HF L 7z MarkovilE & (C,C) =

U(a,b) =

(C D)= (D,D) = (D,C) EJEIZE > T W&, FiHiZ+TH 3
a L& AL D OMEFIBILROEIZIRT 3 A+ﬁ/
&

A

'/




/ﬁEZ () || <1(® rre(-1,1) Z2mlzy e &, :0)?%\
ADEBAHIIAB<ODELEESEL B,

(ii) r=r =1 iz e, :O?—A@ﬁﬁﬁ#ﬁ,ﬁiﬂﬁ@
1 (C,0), D,D) ¥ A>0,B<oD & & (C,C) BESSE L D,
A<0,B>0 D & & (D,D) HESSL LD, F/-AB>0DL ZE
(C,C), (D,D) ENENESSL LD, ELZDBEESLS

\DEBAHELEZIDRAMAIH y, vy Ik 3. -

JAXDEA : ZAHOH5MD ) 2B IZHIRZHRIT S,
e>0BELT,e=p=1—¢, e6=q=1—c¢,

(B3 | |<1(® rrell) RilikTeE COF—L
ZHBWVWT, ZNhEhDF—L0RIZHITB3EEDTHIT
ESSEL B, )

() y




4-2. Perfect Memory (Martingale)
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3. Repeated Game Theory (Random Stopping)
4. Stochastic Evolutionary Game Theory
4-1. Markov Chain
{ 4-2. Perfect Memory (Martingale) J
5. Summary (Future works) I




g GAME WITH PERFECT RECALL A

EX1s BRES —ATHRLRBS —LTH 3 LiE, TR
TOTVA¥Y—iG=1,.. nDTRTOEHRES v, ve Ui
LT, b LV@$5$§}/ DudbBcIizk->THIE
NREELIE vOITRTOFEIRUB cIZLoTudbH
K@J%ﬂﬁﬁ?ﬁ% ZLThB. )

e BLREBF—ALTRIRTOIVAY—I3&8FHICH
WwT,

(HBEOHADFETOTRTORR, HL O
2) BEDOHADFEHETHATETSH o 2T RXTOER

ZRBELTVS E2Fl 5 — Ll BB TS —L0%
MNTHETHS.

(- y




4 N
e 3.1) FEREEF (Xn;n=0,1,...}, FBDn=1,2,... EE
D so,..., Sn ‘:ﬁbf,

P(Xn=sn | X0=5s0, ... , Xn-1 = sn-1 )




Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping
time is tinite)
[0 Step 3) Derive Wald ‘s equation ]
® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).

(-,




4 Main Theorem A
(EH BIZET A3 WaAdDHRR) Xn FHEREBRLETE.7H

E(T)<coZ il 7z THF ILIF A, Wi xa D FHTH ), FROIE
ThdLZE,
E(X1 X ... X X1) = pFD

/ﬁEa EWEDOINF UV TF—NVICHT3ABTOEH) X1,Xon

EIEAMUTERERERIT 201 Thd LT 5.
Mi=1EEBRLU,neNIZM LT Mu=XiX2.. Xn &7 3.
:@&% M‘i#ﬁ?)l/%\/b:—]l/?$ D , Moo: = lim Mn
Mas ICHEETS. ZELULTEUTDG)-(v) IIAMETH S

i) E(Mw) =1, (i) L'OBBT Mn — Mo,

di) (M) IEF—RRABES U, (v) [Tan>0, 7272 U 0<am:=

EXTDn)=1, (v) Z(1-an)<o0

bLLEDDDENDI DD Iz E ZTIZIE,

o

P(Mo=0)=1Td 3. //




4 Outline of the Proof: N
o X1,X2,.. EBMITIAMBEKDON, Exy=pn, Vk &L,

Mo=p, Fo={p, Q! & U T, Mn=XiX2...Xn, Fa=0 (X1,X2, ...,

Xn) ,Yn=Mn— " EBEL .
[Step 1) Yn ‘iMaltingale THAIDEID? ]

Mn: ®WFVF—IV >Yu: IV FVFTF—)b.

e n=1Z¥ LT,

E(Mn | Fn-1)=E(Mn-1Xn | Fn-1) = Mn-1 E(Xn | Fn-1)=Mn-1E(Xn)

— U Mn-1
Zas. DEKRTHRS. LoTu=10LEIINFV/HF—IVThH 5,
R4 % e THIS L, E(Mn/ P | Fo-1) = Mn-1/ pn-!
M/ W BRIV FU TN THS.
Step2) MOPNFVHF—NICRTIABOEHD D
, E(|Yn+1-Yn| | Fn) = E(Mn (1-Xn) )< o0
Step 3 EROBILEROLEEHETH ?)
—Yes. E(YT)=E(YO)=p, VT &K b, D5

Eq(n)x: E(Mn—XuTX) = (X1 b Ww=0. &»=7T Eﬂ(gl\gl — uhH=0,

X o e 1) = LEM. 2 44

@ ( ) = u (i #) y




Method

[' Step1) This game is a Martingale or not. }
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

* Step 3) Derive Wald ‘s equation

® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).

(-,
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/ﬁﬂs CDRELREENH S ?—Ali'?llﬁ’-‘/ﬁz—ll/t“&}
Do

e /A4 X

P(Xn=snt+& | X0=s0, ... , Xn-1=sn-1)

\vw%y?—W?m&mo

@B THHFTHZ L) LEHED ) 1 XHbs5EL0
BB FT LNV FUHF—=NLTHY, FERoT LV
SOBTHBIDHB /) A ADNDBAELEEEI AT — LI

/

(-,
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Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

® Step 3) Derive Wald ‘s equation

[ ® Step 4) Derive a Nash Equilibrium.]

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).




 EXAMPLE (Prisoner’s Dilemma Game) A
o FIBXK FlEE
BYERC | BRESD HYERC | BEE&D

EEC |R,R S,T BYERC |R’.R’ S’ T’
EyEXD |T,S PP BYERD | T°,S’ PP’

272U T>R>p>s, FIBR D IELRBER) F TOFEMGAE2RL T
W3,

® Pareto %ﬁ@ﬁ%ﬁyj(C,C) é%ﬁj—é 7zHIZi3

Nash 54D 5 RZT D2 =p W) Z
BAETHB, CHDD 12p>— 30 5o Ips— >0
R+T S+P
£-oT

1> p* > max ! , > 0¢.
R+T S+P

\éﬁé o p*AFIEIRFHE & TEMEC % HR 5 iR,

/




" EXAM

PLE (Prisoner’s Dilemma Game)

. FIBRI

BBEC | HUBAD
BBEC [RR [T
BAED |T,S P,P

FlEEL
BEYARC | ERERD
BEERC |R ,R S’ T’

™

MR/ fE- T,
Y AR SO 1€ WY AR Ty One-Shot DT — Al

W3,
o Pareto HiJ# %X 1 iH _‘EJ(C C) EEBTHHIZIX

Nash M EEHHI 5 R =T ﬁ‘OS = P’ &Q\")%ﬁ:
BUHETHD, COdb 1y >—T>0 P 1 >S—>0.

Lo T

1> p* > max ! , > 0 ¢.
R+T S+P

gﬁ% o p*AFIEIRFHE & TEMEC % HR 5 iR,

/




CDFEENTE LTS Z EFH)

o HERMEI¥EV R U 5 — LB ILE H IE I 7 BENE 5
Nashi G TH A LA TV S,

iﬁﬁﬁ%i?ﬂbébﬁ\%ﬁﬁﬁﬁmﬁ%é

o ZNIZHX L T, Friedman(1985)ld ¥t cDREAN
TNashEE LD BRVERAD S, —HBORRD
AW&FAL, o E2RL 2,

cHRKAX2DBLDIZ, BPTZDHF—ALZREBL ., JFi
HZHEZ25H L, BE2RETAIDT, TOK_

ﬁgbOZVﬁb AT EI O nJEE 2 R L T
W3,




5. Summary

1. Introduction (Motivation, Purpose)
2. Related Literatures and Review
3. Repeated Game Theory (Random Stopping)
4. Stochastic Evolutionary Game Theory
4-1. Markov Chain
4-2. Perfect Memory (Martingale)
[ 5. Summary (Future works) J I
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s REIREBHNZ TS —LBRBARVELS —LHH.,
YLy —L2BmEHEEROBMEATIRZ., &
FNRELTVARF—ARIINFUVFE—INTHAE

I, PCHB L) ICAMPHRIZZTEZ LD H S,

e BIKWIZIZ. 7Y a Vi) ELF—LHHT
I3BEDITENR 74NV IL—Yavii ), 2IF
VH—IWELBZBBEDNDB, 7Y aviDf4L
JF—LBHB/TIE. BFAES — LB HEIIMarkoviEigh &
LTIRRBCLPTE, ChZ2BEDL2TOITH
IZIKBETHBETIIWVIZHRL, COHF—ARRSNVFV
5:—11/"(‘3507':0

e HRRE#EVELENADI LV YZHF—AIZBVTIE,
SFEHEEZTVWEDT, ThOBEE? S XLV
Hongktkz Rl T3, —RBoRESHEM,

™




FUTURE WORKS

BREWHE. EHEOWRNELS—2HR
(Kandori, et al. (1993),Young (1993) mE YL DBEZEH

R3,
o FCIEIARM o FE

1HARI D, EBLeFEILD2EIR—TE o7, ENEN
R DIF A £ E X B (Sabourian 1998),
—ZCORBIZEBBYVELNADI VY HF—ALICH
WTIRTHORENY I 2V—Ya vtk s
ick-oTRB hTWVWS,




g

FAQ.

Q1) RF¥DOMRIT, REAES —LADITEIERIRICOWVWT
g@%?£0\ﬁm?—Aﬂ%&ﬁ%%&mmv
Al ) ,ﬁﬁﬁ%ﬁi — AP I Backward Induction'(“Nashﬂ«fl& o
RKOFTH, SEOHLIE. Backward InductiontZ &
BERIREZITo-TLERHA. COF—LDEESR
heflRFE LR, 272, EIENTRE A (D 5 BRI
DHEICENBTINIT, RSB EHEHT I A
BEL LB ) ZHAANTVEZWVWDOT, #{LF—4
HEELVIDODRSVITEISLIAEHA, 2ELTT
XHRTH BNowak(1990)IZZDETFIN 2 #ILF — A
ELTWVW3B, & 7zKandor, et al. (1993) ¥ Young(1993) I
SKBHHBVDOTINaAT7EFEDT—LLEDILTL

ﬁ;{)"& COT—LEHRNELTS—LEBREL Z




4 N

QZ) Kolmogorov@’.l}ﬁ!%\ & ‘iﬁ]'@—;-ﬁ‘ ?
A2) BRROEFET HE) BROL)ICERZIIhTVLS.

LaplaceTRHE®R 5 B EAZHICE $h 3 EABROEKD
NETH), EORFBEROEBEZIZLLFEAREIICHEDIDS
LhwbonlT3, BRADZOHIZ fAORABRESA
TWALHIE, ADHEFEPA)IXa/N TS ]

RIZRITEEBRDBEEEZ2DL, TNENDODEBEROER
Fokdl ?

o £ CZ 'C‘Kolmogorov@ﬁ@%(%’n&%ﬁ@ﬁ%) DE A,

R Q. ETPERETALE FEERRE T2 EBE
B#rSdRotEE 2T 5IE Pl (Q,H LR H 5
Wik BRAETHRILEV).

Q) 0=PA)=1, VAE F (b) P(QQ) =1
) (A} BHEWVIEZRZTFOTRDINTHNIE, §4b 5 Anc F
Vn = 1, AnNAEQ , nZk 5[, P[Oﬁj:ip(m
= = -

@@‘&Uz‘zo.




4 A
QﬂbmﬁiTMﬁA%%ﬁﬁ$%ﬁ&LT%ﬁénTm

ERVETH, ZLOEBETRERSHEL 2T
64:56-4...&\35?‘1)‘ THE, BEERL L TRBLLED

T ?

A3) BEWEEBRISTT. ARISERERDEL 5 —
Aﬁ%m%ﬁ\ﬁ*ﬁ%%f%é@ﬁ&w?ﬁ%ﬁib
F 9 (Aumann (1989)) DT LD HREESIRBZHEELTIK
& L & L rCo

&%)

e Random variable QH BRI DA D Fa] 7 Bk
71??‘4 auziksRHA5HDK, CUZ3<{KOoEE

e Probability distribution HEREIAXD & H4H xi &X' xi
RLB3ME, LOMEHRERLEDD,

PX(E) := P(X~!(E)), V E€ B.

(- y




_REVIEW: Replicator Equation
REPLICATOR EQ. Xj = X ((A)()I — X - Ax),i =1---,nN.

HAIWE | 2oL EDHASDOFIBTHFHRFR LY %)j(%
WHSIZIE, TORMEMSIERLFH T 5H(FE - ﬁﬂik)o
e —L2LTVBIR)DEERNZ ORI ZH B HERNF
FEZOHMEBLFS L3N BHEOER), LWWH T &:’é‘:z—ib
TW3.

FLEAERRTINIE, TOEBBEZLEAD’ZVEV ) RE
RO HEHME)ZRETNIE, BIRTFLFIF7 A9 5K

gll:_l g ﬂ 6 (ﬁiﬁ) Potential

ﬁ‘-ﬁimﬁﬁ‘ZO@ L= Function T#%& 2
x = x(A—x){b—(a+b)x} - (%) T3 , D

EZ75 WEEL | BB

M) EIV VoM. >0.b<0,ESS:19D
M BADI VYT :a <0.b>0ESS:1D ?‘mﬁl 2,8 0.0
() 23—F 4 Xx—YavyM..>0b>0,Ess2D |BlE2 |00 b,b
\_ (V)& A2 =2\ P& 2<0,b < 0, ESS 1D (R A Bk ) Py 9
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