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1. INTRODUCTION




J.von Neumann
-

w 1. A Model of General Economic
. Equilibrium, RES, 31(1945-46), 1-9.

— He proved the existence of situations | s
of equilibrium in mathematical Gamea and
models of market development
based on supply and demand by
applying Brouwer’s fixed point

- thoery.
* 2. Theory of Game and Economic Behavior [
" (With Oskar Morgenstern) , 1944, :
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John Forbes Nash

- .l.
SNash equilibrium
He shared the 1994 Nobel Prize in
Economics with two other game theorists,
Reinhard Selten and John Harsanyi.

His most famous work in pure mathematics gi

®|vas the Nash embedding theorem,
which showed that any abstract

» Riemannian manifold can be |sometrlcally o\
realized as a submanifold of Euclidean |
space. He also made contributions to the
theory of nonlinear parabolic partial

differential equations.

A Beautiful Mind



S. Smale

‘rStephen Smale (born July 15, 1930) is { |
an American mathematician from Flint, N

Michigan, and winner of the Fields
Medal in 1966.

»Smale Is also known for injecting Morse
wtheory into mathematical economics.
(TOERZFEMNSBOEMRRIEICHAITT)
#*#Differential Topology (Journal of
8 Mathematical Economics, Vol. 1(1974),
: Vol.3 (1976), American Economic
Review, 1976, Econometrica, 1980, etc.



http://en.wikipedia.org/wiki/July_15
http://en.wikipedia.org/wiki/1930
http://en.wikipedia.org/wiki/United_States
http://en.wikipedia.org/wiki/Mathematician
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Gerard Debreu

- “>|n 1954 he published a breakthrough
. paper titled Existence of an
Equilibrium for a Competitive
Economy (together with Kenneth
Arrow, Ecometrica, 1954), in which
they provided a definitive
= mathematical proof of the existence
% of general equilibrium, using
topological rather than calculus
methods.

»The Theory of Value, 1959.

»He won the 1983 Nobel Memorial
Prize in Economics.
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» Kiyoshi Ito

IS the Ito integral, and the most
basic among important results Is
Ito’s lemma. It facilitates

®  mathematical understanding of

random events. His theory is widely
applied, for instance In financial
mathematics.

»The basic concept of this calculus kg &



PRELIMINARIES

2-1.NONCOOPERATIVE GAME
THEORY



WHAT IS GAME ?

- (Non-cooperative Game)
*EE_.I%EI%IZ%%)ZAO)E’E{ZIS(PIayer 1, Player 2)H3L\5 &9 5,

Player 10 BB 1% &Y. Player 2 AN EfER1Z EoT-E= 2B NS
Player 1 ‘ payoff is a, Player2’s payoff b. COX5EKRDEE
T.BFARFEDIOLGHEEELD M ?

—Z D EE = HNash Equilibrium.
(RS — LIE—ERYTHHET B, )

N Player 2
a,b,c,d DFFFIZLD

S1 g2 T —LDIEFEH R
S1 Al 0.0 EZAP
S2 0,0 c,d

playerl




(_Zlassification

w .
. »1. Cooperative

of Game theory

Game (von Neumann)

—>HERIZE B (IR, 7 Core(XEESNELVES),

Shapley{E (= &k,

%))

»2. Noncooperative Game (Nash)

—wF (275 B (X R ZEER I =Nasht3 )
= >»3. Differential Game (Pontryagin)

— &b D7 Ot R(Z5E B (FaE i {#)

»4. Evolutionary Game (Maynard-Smith)

—EREREITEB (M7 AEXR. ESS)
»5. Stochastic Game (Shapley)

— R KRE (Nature) A E 1L



Game Theory for Mathematical
&  Science

»GAME THEORY = MATHEMATICS or
NOT.
»Mathematics : DE#DHEEIZLHIEE
- SNTEDT, RED DR,
v »NOT: HiREZRICR->TEA, H
. HYDI)T— 2 HHTULSF:
Econometrica, 19954 TIZ#I5E) (IR
AREFFDETR20021P209),




MATHEMATICS for GAME THOERY
=~

»>TRADITIONAL GAME THEORY

TOPOLOGY (convex analysis, fixed
point theory, multi-valued mapping

S

L)

»0OUR RESEARCH

STOCHAST
statistical mec

C (differential equation,
nanics, ... )

PURPOSE OF -

*GAME E:Z2KOLMOGOROVHR D 4>
HERFDILIGHILEEICEE

'HIS PAPER




Y

REASON:
* MAXIMIZATION or
COORDINATION-LEARNING

_~_:-1

=]

ADITEIZE & ﬁ’ltjﬂ)ﬁ‘*%(statlcs)
EERBAT S, TNEBERE-FE DS

B (dynamics)ER 5,

»Former — Noncooperative Game
»Follower — Evolutionary Game
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2.1 &
~ES::

Tk SR —L

kBE 2 (strategic form) n AT —L&
FEMND,

[FROZFRDMICESTE

ED G =(N{s} . {fi} )

ZZT, ()N={1.2,...nHET LA VY—DEE,
(i) S IEFTLAY—i DFBRFEELZITENH
%)L\liﬁkﬁ’l@% J’él

= sl,... L EFRELT . (iii)

I ITEREES S= S x---x S DDREAD
aAIERZTHY. 7l/'f"(’—| DFFE8E

vk s

Ko

=Dk

= [ EL RS




F—LDTLA, RE
HGRTDTLAY—1, .., n[FMEDTLAVv—DE
S RERSTIERTh OB
S € Sy, S, € S, FBIRY B, DFEYMILIED
RENHD. TDT—LDFER. TLAY—i [XF=F
f. (‘ﬁg’éﬁé o EI-CDEIGERE S, ZTL AV —i
ﬂjzlﬂﬁ(pure strategy) &LV,
‘*ﬁﬁ VIi,S. (A SElmEEREZERI TH D,
~RE: VI, f. s > R IFEFREHETHY. &
 BIEAHTH B,
RE. LA VY—DEHMIZBE DR EFRKIETHS,
» {5 B/ HEE (common knowledge): LAV —%
Eli SIZEALTIXEBAA. TLAIVY—EEDF
FEABZEI->TLVS,




2.6 T HEBIZYT—L(GESILX)
SE " BBETZ n A7 — LG DEBEHAK(mixed extension)&
TEXRXDEZDHMIZE>TEEINSD,
(22) G*:(N’{Q}leN {F}IEN)
T, ()N={1,2,...nHITLAVY—DES, (i) Q&S kD
RyMOERTHY. S EDFERSM (; EILAY— |
DEABIEN, BEEHERL TS, EHEERIN L

jg Ay 0 EREET S, (i) F IFEHEES
0=0 x--xQ LDEMEEHTHY ., ROLSI=EHEN 5,

ey F ()= fiE)duE)

SCTulE q 04 \ﬁf%é 1= Fi(*)fé?u»r)v—m)e,.ﬁ
F4#3(expected payoff function) &ULVS. E1-HA#FFIFRAED
tybzE F = Fl’ F ERFLT Do




RE2.7., ;FE2.8
AR ELTH ., i=1,..., n [¥¥h3Z(independent) TH 3
ET%.

»3F5E: O, Odpmrcsgs O ooz y €Q &
3L, 2.3)ETRDESIZEETES,

(23)  F(a)=[ f6)du(s) - mns)

a?::'—c 7& S J:@ﬁﬁ$lﬁlhxd)éﬁ: ,Ulazlz %/kbmﬁk

® ﬂa—aﬂ1+(1 a)ﬂz 0<a<1

EVSTENTE HFLORERAE 1, cQ MNEHETEZ0
T.Q HEETHE. AHQ & O OROMEATHS.




IRA[gESE &, J¥=2.10.

S
TSN G*:(N,{Q}.EN {F}.EN)G)
a3

& (feasible set) U [, XD XDIZ

)d<Qq]

>3E: EHRATEES UL BENESEN B

@E‘MIEJ:U Al STiEfEBEZE R DA A
6@V N\ILEE)THS,




Tx:2.11 wmBEILE

>EH: TLAVv—i O  €Q Ao
N—1 ADTLAY—DEBE D
d_; = (A, 201, Gega 0, )
2%t 9 BB E5 (best response) THH LI,
2.4
“Y F(0,9.)= rpe%xF( )

ThDHEEENS. BEEOME O (2T 2TLA
Y—i OBESEDSEE,. B(Q)) e84,




EF 2.12. Nash ¥, :¥=2.13.

rn%% BB N A —L G* [TBLNT. TLA
—0# g =(q,q) HNash¥HETHE
t(at FRTOTLAY =i (=1,...,n) [TRHLTH
B 0 A TLA Y —DEREOM q A2t
T ORBERETHLHEZTELD.

'SIE B B(CL) [FEREES Q x---xQ_; X

Q. x-xQ MoEE Q, ~DEXMESERLELGY,
TLAY— | 0)3;‘:1@55‘*"155:‘:”? INnsd,

CCTHIEOR (ISHLT, £&B(q)=B(g)x:
xB,(0.,) &9 %.



| EH2.14.
>EE: S — LG BV TREAHROM
0" =(cf, ;) A’Nash I THEI=HD
HE+ S EEERHIFEYI DO ETHB,

—_—

(2.5) q eB(q")

B Nashiofl. BERENEEDEES
MSBTEEY . +HEHEHSHTHD,




Y

J-sI_EI;:215

>EE: S —LGHIBVT, RS HIRDHE

T EH1DNash WA TFRE

REBA TEHE2.14KY T — LD wmEGE

BN RDABDAEREE(E
A9 EEEAIELL.

CRZP
I it
12 16)0D

T QT —iDHBREBROREMET B E,
TLAYV—IDEESHEDOESQIImiRIT
Euclld""’F'aEld)(mu 1)RTBEATHY ., o/

DREMEI &R ETHH, LI=ho

T. B

ZZHIQ=Q1 X ... X QnHt m=m1+...+mnRIT

EuclidZfEDa> /N7 mMER S

=B L.



T H2.16.(Kakutani’s fixed point Theory)

B RE S £ANEREMEMOER, 22 /85F,
Th&EREL, F() ZSHiS~DREXNESER T,
RD2DDEHZHm=9 ET 5,

(i) ’d”\’CO) XES [ZxLTE(X) [£SDIEZ A MER
DTEETHS, .

(iSHDIEED ST (X} & {y,} . ITHL<T,
Y, €F(X,),v=12--X, =Xy, Y, > Yo (v —>0)

EblE, y, e F(X,) THbo
CDEE, X eF(X) LGAHBER F() DAEH

x* WD IEKERIDFEET D.




(2) BEA%FIFERTHY. HIEKTHSD T,
e " BRELZDESBI(Q)IEQDIEELMERSD
- EHLE5, - TEDIETE B(g)=Bi(g-
% X ... X Bn(gn) QD EELEMEIEET
3.

(3) E*ﬁﬁaéQ:Q%@X ... XQn /'\10)290),@\590
®io =(a o) e la=(a )
. lzHLT
qVEB(qV),V:]_’Z’...

q" —q°,§" >g°(v—>x)

[ v=1

ET Do



CDEE, 7T —LDEBEIEXIGB(. )DTE
g | BLY TRTOTILAY—i(=1,...n)DIE
. EDEEHEt €Qi ITXLT,
i(qi 1q—i)— i(ti’q—i)’v_l’z’”'
MEILTH. CORTY Dotk d 5L, FODE
- LY F(T°.99)2 F(4.99)
T AU L QG DEEDTEND,
o @ eB (a)(=1n) s ML
q eB( °) THS. (IR




Existence of a Nash Equilibrium
& _ (Another Notation)

[

> The strategic game <N,{Ai},(z)> has a
Nash equilibrium if for all 1 €N

(1) The set Ai of actions of playeriis a
- nonemtpy compact convex subset of a
~ Euclidian space

« (2) And the preference relation zi Is
continuous, quasi-concave on Ai

PROOF Kakutani’'s fixed point theory.



EE2.17 %2 18(€ OFS — L)

» AR L TEMRERENFREST
hAHERELI-N, RRAGRESDIAV
NIMEZRET NIE RERIIC (TR
HEENERKES TOEDEL,

*»ER. T —LDRODEHZTHI-TLE,
Y OF(zero sum) 5—LELND.

2
> FE(j,k)=0Vj=12-m,vk=12-,m,
1I=1

2
& |



EH2.19.(Minimax Theorem)
»>EHE:(von Neumann ,1928) A2 A5 —

L LITBLTRARKIT R,
max min F(q,,q,) = minmax F(q,,q.,).
heQ d€Q; 0,€Q, ey

REEIFWLANSH S, BIZ L (L) T EI R EE,
B (QOESONEETERE., ) KA AEER
AVSEADYASSILY (@ AVIE

STV —RDFIENELIZHILTINDIS
SIFEBEMEENBTHD.




frEl: EOF2ANT —LIZHENT

*max min F(q,,d,) <minmax F(q,,qd,).
. . 0€Q 02€Q; (ql qZ) 02€Q; 01 €Q .

ARY LD,

fRg2: LOM2AYT —AICBVWTHE R
B g =(q.¢) FETEHOBETI M,

maxmin F(g,,q,) =minmax F(q,,qd,).
T mif (G, 0) Mol (0. 0)

MNERYILIDZETHA.




“  2-2. EVOLUTIONARY GAME
THEORY

REVIEW



ANY
L RELGERIZBVWTHRALBTILAY—D1IRITIUS L

WHAT IS ¥ EVOLUTIONARY GAME
STHOERY" 2 kvl

In 1973 Maynard Smith formalized a central concept in
game theory called the evolutionary stable strategy (ESS),
based on a verbal argument by G.R.Price. This area of
research culminated in his 1982 book Evolution and the
Theory of Games. The Hawk-Dove game Is arguably his Evolution
single most influential game theoretical model. and the

Theory of
Games

F

POINT' ¥ %% (payoff)— & it EE (fitness)

TITEBL. ENENOERRICEDOE REIZZDEERAE
IRBTAADRFEY ., ISITREIZENNT, == &LVD5T
Ot ANER(ZHEYIRTIRTEZLD,




EF:2.20. EVOLUTIONARY
STFABLE STRATEGY (ESS)

EZ: Weibull(1995): . € Q. is an evolutionary
stable strategy (ESS) If for every strategy (; # q
there exists some ¢, € (0,1) such that the
following inequality holds forall & € (0, &,)

gu[x,5y+ (1-&)x]>uly,ey+ (1-—¢&)x].

-

INTERPRETATION: ED KOG EATEBIRZERALI=EL
TH. BFEHEOALIIANSLY,

(ESS : (Mthe solution of the Replicator equation + (2) asymptotic
stable.)



fngs 2.21: CHARACTERIZE ESS

!ﬁ‘ﬁﬁﬁ: Bishop and Cannings(1976): ( EQ IS
evolutionary stable strategy If and only If it meets
these first-order and second-order best-reply :

(2.7) F(y,x)<F(x,x), Vq;, —— | NashEq.

< F(y,X) =F(X,X)
0 Ry <Foy, TNF%

\\Asymptotic Stable

Conditon




TE£E2.22. BIRFTAFZIOX

N TE: 7.0 R FOLELTOELEET-
. FEE, TRTOH G €Q, T, BREAFZY
A(selection dynamic) &LYD.

29 - _ (=
q=(a)

(2.10) (i) Lipschitz continuous

n

@1 (i) Y. (q)=0.

i=1 N

(2.12) Gi) VqeQ, qi=0:>7z(q)20.



EF:2.23, 24. 1IE BT, BEERMH

TH T [£(2.10)-(2.12) ELLT O EHZmI=9
&=, IEBLERAFFEK (regular selection

i =5 7 . T
dynamics)EE 9. Z _iimXE

EEk: T IILTOEEZE-I LS, B
(Monotonic) T 5. i -

: mi\q] 79
F(a,q.)=F(q.,0;)= (g_ )z (5 )

>FENSVNVAENZDERITAFTIVRADEMSE
REWNWTEZRLTLNS,




TE =
~

%2.25 Replicator A2 =

TE THRRAER T ARAMEEE OB, RDELSIS

%

29 HEMNTE, COAERZReplicator AR &

3.
q(q) F(9,,9.;) - quF(qk, )

dﬁ%‘&‘t(iﬁ)%ﬁkﬂﬂl %Hﬂ’ﬂ‘*&%@ DD FFNFEL
FRYEREWVISZEIZIE, TOEIEZIMAHHERN S
YeFEt=7—LZEZLTWSAYDTLAY—IZDEREE
WMAERNEWNIFEFDEMEL SISO ERE

(externality)DTETE), ELVSZEETRLTLNS, COARER

I

DE

L X Nash B ELGY . FD3

TERNANERE T

HbHEEESS THD,



FEIE2.26: Picard-Lindelof Theorem
N

% swm XcR AR, RohLE o XoR
MLipschitz Eft THHET D, —DES(2.9)
X HopE%E XX a5
) ToX w42, 512 LX)
B E teT & XeX [2IDOWTEHRTHS,




Syimmetric and Asymmetic Games
W
= SF2NT — L EFERFR2NT — LDELY

—Player 1 and 2 is DIFFERENT Payoff Matrix.

Player 2 Player 2
S1 |S2 S1 152
2
o r. 1 A
B 1 S1 |AA)C,B player 1| S (E)|C,G
. S2 |B,C |D,D s2 |B,F [D,H
Symmetric Two Person Game Asymmetric Two Person Game
Replicator Equation: 14 27K

A=A A=A



#12.27. FEITLANV—QEIEHN2DDIEE

- ¥ T2 AT —LEREN2DDIEE) 2
- ERER1 | B ER2
ey, ATOP@FOE 1 e [aa o0
T /7T FH .
(1) ESLUTE: 2 >0 b<0, ESS 1D Hilig2 10,0  |bb
() IADPLT:a >0.b<0, ESS 1D FlER
() a—711—3>8: a>0,b>0, ESS 2D
(IV)&Hh=/\FE: a<0,b < 0, ESS 1D(E & BkER)
g 2
K IERFR2ANYT —L(EEE N2 DDIFE)
(2.16) y=y(-y){a—(a+0)x}, BERS 1 | BERK 2
' 1 |EkB&1ab  |0,0
X=X(1-X);d—(b+d)y;.
A-X{d-b+d)yY} * fgpeo 00 e
yE T LAV —1HDEIR1E ISR,
FlB %

X ETLA Y —2h IR0 B BT




3. EVOLUTIONARY GAME
THEORY

OUR RESEAECHES



3.1 ESS, CSS and MILNOR
ATTRACTOR

&
"

-..:-" .L‘_:.



RE3.1, 3.2.

R 5E: MRS L ERESTHY . ZD
EIHA[gEERUITEREAES (Q2/\Y
N THbHET S,

R E: %u F'aElyiz F(0.0;) 1% 9,, 0%

22

O

MDD AIEETH 5,

ZDEZEDReplicator AFERK . XD K5
HEMDELS (Bomze(1990)),

=|(7(xP, 14S)) (P, P, 11(S))) P(c)

dP

aﬂm

B



E3.3. CSS

s “SES: Eshel(1983) #pg Uy AEHEMIZERTE

« 75ERRR (Continuously Stable Strategy, CSS)
THdElE, (1) ESS THS. 2) #EN Y
21T g, -G <& EFBETEE >0
L. 20 i zonT |g,-gl<n

@ Zaml=3 &% >0 MNEEL. ROE
FRamiz9 &=Z Vo,
*3.1) F(,,q)>F(q.q)
if and only if \qv—qu

<‘Qi _QU‘

% sk %
raim dinogdncndes G &y O ISEOEATEHEN

WY EATED, LEAOTHERIIRAEEBIBDEALEBRDE
ViIRLICE>TESE = q, 123824,



g

fnea3.4.

>@if8: Eshel(1983) (; HAESS THD
FODBESEHIX, ROEHZFEZT &
=THdo

O R
3.2) (i) aF(qj,qi) =0,

) qj=@i
. 0° R
) —F(q,.G) <0
5qj J;=0

=>COEHIFIFRFEBABRTHLH=HD
MWEXHETHS,



finea3.5.
N

% >@i&: Eshel (1983) X
() ESS 0;h8 U =(; =0 12FLvT, CSS
EIHDMBERIIRDESFHET-TEETH

%5, O°F +52|: -
éSS) 6q|6qj aqiz — V.
_ “(ii) ESS (, #°CSS THA=H D+ EMHI,
s+ (3.2)-(ii), (3.3) DHEESFRWV=L DMLY IL
D_ETHS,




ESS & CSS DE*%

W (3.3) Not (3,3)
(3.2)-(ii) () #EZRE | (ii) Lyapunov
T E
Not (3.2)-(ii) | (iii) ? (iv) EHETR R
TE
-

. (i) ENE & E LA . (i) LyapunovZ E

(i) ESS TV CSS (B BE 0 218 43 b 7 & B
BkiZELY Sasaki and Ellner(1995))

(iv) T&E




‘NASH , ESS, CSS

NASH
CSS  (iv)
e (i) ESS

(1) (i1




Ti3 6 MILNOR ATTRACTOR(Milnor 1985)

5 m%, A closed subset A < M will be called
an (Milnor) attractor If it satisfies two conditons:

(1) the realm of attraction o (A), consisting of all
points XeM forwhich @ (x) < A, must
have strictly positive measure; and

(2) there is no strictly smaller closed set A'c A

30 that 0 (A’) coincides with o (A) up to a set of
measure zero.

-

CHERICIE. Z0EEOETOIMENEIITHRIRS
NBELOIFEHENEFENTULGL, Ko TT SIS
A—DEENLREN TOKELENFEL THELY,



s TZF: ATTRACTOR

»EFXKDEKRTDT RSO3 —

EE NFERTOEATREEEN BT
~4—(attractor) THHEIE, NDEfE U

e ©C fTUcU H»o A= N (V)
LR LONBEETRIEENS.

EOTREDERTDT I OE2—EIE. N DIEEE
URNDRFTEZRINT-RLNDEFERIZEFY

ftlTH_ T ERLTLYS,



EXAMPLE 3.7.:

" o

__ Milnor Attractor

_—

.; K/ Xx=0, 1
0 T 2T

— f[0271]—>[02n]

2= f(x)=x+sin°x,  (mod 27)




inE3.8.
~

L ‘ »fnRa: b1 q| HY Milnor Attractor
. THA=ODUEEFHEIIREB-ITE

Z L),
0° Iy
(3.4) (i) FF(qj,qi) > 0.
c qj Qj=€li
. 2 2
“(3.5) (ii) (? i 8 i <0.
aqiaqj aql o =q; =G

S>HEIFRETHAHN, HEISEDOVTLDEFEDSE
ENFHRET HIEZEKRLTLS,



ﬁ.
bz

L
.
-

||

. 3.2 KOLMOGOROV—- ARNOLD —
MOSER'S THEOREM, ARNOLD
DIFFUSION

PERTURBATION THEORY
(Nearly Integrability)

2)11(2005, 2006, 2007)



WMRIFEN R CEELTEHE -FIE

iKol?nogorov - Arnold - Moser (KAM)DER : (7—/ILE-TAX
R (1972))

H(=H,(p)+H,(p,a), Hy(p,q+27)=H,(p,q)<1)

74N s o IR AP A VA=Y = O lit/\éﬁ?’&"CO) ) oH,

l:iﬂbfs EER 0= aql  g=a,
DR —F I T(@) cT,(@")SEWEDAEET S,

— B /A XHWFEELTH, ¥ —LITENLLN.

> Arnold¥5&k (Arnold,1964)

—IEETE 2N >T, F—2 XD ERIE-IREIL TLK.

—ERZEHIIREEELE G457 . [HKYELIEENIT S, (RERXTIE.
SHERIID)

7—/)LE, VI and A7ZRX: T AFOITIILI—FEEITREEE, 19724.




and 3.10. MWEDREMS
ﬁ%i%*‘déﬂ@l (y X'XO1O)1(O11)’(11O)’(111)’(b_|_d aicj
> (2.16)H 5 JacobifT 5l

(I-2yna-(a+o)g  —(a+c)yl-y)
~(b+d)x@-X)  (@-2x){d—(b+d)y}

b
>BBEODERENE(CEERELLGDIFEH)EGTDDIE.
—(0,0): a<0,d<0, (0,1): ¢>0,d>0, (1,0): a>0, b>0

(1,1): b<O, c<0 Ny
( d a j abcd >0 B
b+d a+c) (a+c)(b+d)<0 JSwh-HA5)L




DETERMINISTIC NOISE: E%3.9.
!Nmse — RS AEBDIFEIE. Gale, et al. (1995) D7 A
7'7 BN
— BIRAREKIC o > DTARHTHZERA
S 1FE ERIHRIZ, Replicator AIERXZEH.
/A X & HReplicator FFEZ(3.6),(3.7):

, T y =(1-0,)y@d-y){a—-(a+c)x}+ 51(%— YJ,

;< =(1-0,)x(1—x){d —(b+d)y}+0, (%— xj

0<9;,0,x1




BN ELTRN AN EORE
N
B B COLVTOESEZEEAL

» N R fE D Jacobi{Tl
i 175 L b @ )
el | (b+d)’
b+d a+c” | ac(b+d) B
E . (a+c)’ ‘o
abcd

— <
(a+c)(b+d)

= /A ZXADFEIZEHST, FHETEELAN R E (X85
TlFHL TYSYR A DILITHBAER NN B,




EX:ULTIMATUM OFFER GAME

NO
1

0.8 0.8

06 0.6 , « =
0.4 0.4 1 |
| ) ] 4’
02 0.2 o
‘ _.--llll'||‘:'llllll> ‘
YES YES
0 0.2 04 0.6 08 % 0 0.2 0.4 o 6 0.8 1
HBAL G BAL \ BB
JARBL Ll
X 2: /A4 AR 0EE X 3: /4 X% 554 (6; = 0.01, 6;,=0.1).

S IERAFR2 AT —LDKIBRIG DT E/ A XDRE IR FEER 252l
%365 (2005), pp. 21-38. &LYERHE;



EXISTENCE
§

Cdosys VA Ya-(@+0G=X)

¢ — —
(L700%  x@-x){d - (b+ )y} - )

@ (d-¢)(b+e){a—(a+c)x}(l-2x)
e(b+d)(b-d+2&)x(1- X)
a 1 1 3

——<X<=
OR = <X<——
R 2 2 a+c

NT, ARBENFHETS.

=t)

D & B




FIRST INTEGRAL (LyapunovEE%k)

x
2R @ Replicator 5 FE 3 H\5E H (Hofbauer(1996), & )11(2005))
Lotka-Volterrak TlEHirsh and Smale(1977)IZEEHAMNE NN TLVS.

T—LOIRNRI5HDENDREE:
—SIMOE—DRZEL TS (- FHREHRADERERIENEIEE)

u-Mx*t;l,
y'@L-y) , dH
Io =logx V" +log(1—-x)"(1— =0
- gx(l_) gxy" +log(l—x)“(A-y)", b
> JAZHY M

d . br1 01
H =lo y d=y) G=X) d—H;éO >R iED &

TN o) dt




##H.E (Hofbauer(JMB ,1996))

SCOBIES EYEE THERIN TV HETHEARD

EamlCERALTEELNOM?
—Hofbauer(1996)I&Z D EI1FER L. RDIEEFIEXE
ml=9 eV ETHER,
—ZDHFIFDIIPEFETHEHLNTLISHamiltonianT
®5
— Hamilton & DEBNTEEHEADEDIT,

il oH(X,y) e oH(X,y)
x=P(X,y) v y=-P(xy) -

where P(X,y)=Xx(1-x)y(l-Y).

Hofbauer, J. : “Evolutionary Dynamics for Bimatrix Games: A Hamiltonian system ?,”
Journal of Mathematical Biology, Vol.34 (1996), pp.675-688.



KAM®D FEE O AL (FEHES.12.)

w
dH dH"

w0 g 7V HT EREBLGLA?

» Kolmogorov - Arnold — Morser (KAM)D & 2 (& Bk
ALTWADOMN? (D /AANRFELTEH. T—LH
FRIEESTH5DTHAIN?)

JAR%EANTEH, LyapunovE A FEErLAELME
MNEDRETHEEYT .
— JARXREANTH, FENM—ZRADIFE

REER Bt DEERRIEZE .




M AR R CTERLGEE -FIA(HA)

iKol?nogorov - Arnold - Moser (KAM)DER : (7—/ILE-TAX
R (1972))
H(=Ho(p)+H.(p,a), Hi(p,q+27)=H,(p,q) <)
M+ ENESE, &aAéﬁa-&—cov o L
) - - E o o
IZxLT. EFR D=— . L q=am,(p)+ apl
ogzr—rvi T(@") < 1,(@ )usntonsayss.
— B /A XNFELTH, F—LIFENALL.
> Arnold#iEk (Arnold,1964)
—{EETEIZA ST, F—Z A ERER - ILRFL TLK.
—{ERAZHIREFEEL E6T . [DoKYELEEIT D, (RFHXTIX.
S ERIIZ)

7—/)LE, VI and A7ZRX: T AFOITIILI—FEEITREEE, 19724.



ARNOLD DIFFUSION

Y 'LOGIC:
1. KAMDEEIZEKY, A EM—SRADTFTE.

2. RIBHIZARELGT —LIC/AREANDSE, B
FTEELTRNABENEFET S.

3. BEZBHRIARESRLTE ZRIAN R 1HSH(MelnikovEs
B FEN0)LELRpDFTE.

— & W D 77 7E.
4 BRFI—2DFE. (Arnold(1964), Theorem 2)

5. FNEDEC, BLEDETE. (Arnold(1964),
Theorem 3)

Arnol'd,V.L: “Instability of dynamical systems with several degree of
freedom,” Soviet Math. Doklady, Vol.5 (1964), pp.581-585.



Arnold?{f\ﬁ&@#ﬂiu X7<

8 BRIT T 7
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e
o / \%%57 :
R SRR L TE AR

B % EAH0E DIFE



E}i 3.11.

> G ERR &R A BR & LN S E M E A DK
BRI ARELGS —LIZ, JAXADNFETS
ZE, ArnoldiZEIMTFIET 5.

‘i—> BE . Arnold¥s it EMelnikov®d A iEZF ALY

» CJEEBAT B, AFETIE. 5 —LEHROX
IRMEH Lz, £1=. EIET —LEBRD R
$A T HEHMNDOMinimal Z2E®TJLTEEBAL
1.




3.3 ITO CALCULAS

STOCHASTIC DIFFERENTIAL
EQUATION



T 5=

III

%=3.14. T E:

=)

|rn||

ri% reezep (Q, F,P) torxiase

= (W,

v

e CLUR D3 (i)-(iil) Zim=9t D%

(TJ:#EE)?T'?/&EEJJ(Brownian motion) &FEAL.
) w, =0. (i) w [FEHEETE

(iii) w liﬁﬁ i CIEFR7

19 DERNELD., TE0bL,

g cxLT 0= t0<t1<t2< <t

(@ W, —W (1=
(b) (

i+1

,N=1) [ZELHIL,

- ) N(o,t,+l t).



1 W 73 73 #2 ZC (Fudenberg and Harris (1992))

3.8)  dr(t)=r(t)[u (r(t)dt+o;dW,(t)].
T_T_L u(r) £21471 DEAFRE, WERDEL
EX0DN Rt Wiener L*E'—Caf)é %
ﬁ*ﬁd)ﬁ‘t’éﬂ 19 5&. RD KH7EReplicator

ARERAIE é;&ﬁ\fgé

)| 1| PE(r)
ds = == |dr, +— —~~ |dr.dr,
(9) 65 =2 | 2; aron, |

J

1=1=L dr dr = r szt iIf | =k, and O otherwise.



TEIH3.15. FED A

> 5EE: (Ito’'s Formula) A a(t ZD') (&t (CBIL CEfHE SIS

w Etb V= V{V(’[ w)feL £9 B, HERBE X {Xt} &
dX, =adt+vdB,, B, =0,a.s.

95, IEhHB, as. T, Xli«k’c éﬂné
(3.10) X,(@)=X (w)+j a(s,w)ds +j v(s,@)dB,

R@m 2488 (X, 1) & X=X OaRTHRONDHEEBFE

(t;(x t) &9 5. COEERMABIT B,

(3'51) av, = gt s ﬂolx = 522 (dX )’

ot 0 X
F<12L, (g, ) = (adt + vdB, ) s ?
(312) dt.dt = dt.dB, = dB dt—O dB,-dB, = dt
CUTHET 5. $hbb. (dX.) —vidt 12155, HEBED
WMH (B9 X AFEED T=0[ZDOLVT, RAMILTBILEE
K95, FXETXTas. DE ﬂiIE’CEF)Zo

(3.13) f(X;,T)= f(X,,0)= f{a 10°f o, o }dt T of

oV ———vdB
t 2 OX* ax 0 OX




513.16. EEEN2DODIHE
. "-rﬁﬁmﬁbﬁ‘zcmi%é}, (3.9) [FRD L5115,
ds, = S132[(ul(3) —U, (S)) at “(52232 M 0—1251) at
o,dW, —o,dW, ],
1499 =5;S,[(U;(S)—U,(s))dt +(02232 — afsl) dlt
' +odW],
L o=y|0? +02 W=(W-W,)/ o #4E% Wiener

BEBFETHBo




AnEE3.17. (Fudenberg and Harris (1992))
ERE N2 DT, 2 AT —LDIFE
@B () a—c>(df—d)/2d-b<(d—cE)I2 DEE,
t >0 pex fERLIT, St)>1 L43,
(i) a—c<(cf—ck)/2d-b>(dt-cf)I2 mEE.
ol >0 DEE FEELT, s(t)=>1 &45,
_ (|||) a—c>(af—ck)/2d b>$oz —&t)I12 mEE,
"t oo e FEE L/(L+,) T, () -l
ElFY) MR 1|/ l,+1 )'C S,(1) =0 &%2b,
AL |, = j;( ’exp[ & [2a(y)/ £°(y)]dy |,
=] o exp| =] a1 AWy [dx. w7
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3.4 STATISTICAL MECHANICS

ISING MODEL, SK MODEL

= J11(2008)



MODEL:

Game: 2 types Strategy, 2 types

Agent

> ZHDABEY . 234TDEK
ML 1ITHEL, 2D DEEZE

AWT. 7T—LZ%T %,

»>|ngSec.2, playeri and jplay a
Gdme with Nearest Neighbor
Interaction.

—

-

o

1 *iﬂr v—i‘
'H TTﬂJ

S

*|n Sec.3, playeri and | play a
Game with Random Matching

G A

~——
#T* ]

LATTICE




EXAMPLE

X

S1(1) |S2(2) S1(-1) |S2(+1)
S1(1) |AA 0,0 S1(-1) |AA  |0,0
S2(2) (0,0 |[B,B S2(+1) 0,0 B,B

where A,B > 0, |A|=|B|

Ising Model (Very Simple)




R7E2.4, Angd 3.18.

‘\Sgg” BRI RIEENFE B EEEEEEEAT

L5

PROP.: (REDLETEREXDHHERE [si},i=1,... NF
MY, BEFIBREGHLST —ADRR TI-HEO

P P =2 texp(y f)

| tit%)o f=f=L{si} [FEAKi DEES, v (FER(BIZIX, I
“DIFEH) . f [XHDEES [sil ZHRoT=ES D F|1F - B )
ZITHBIEERZRL TS,

T INTERPRETATION: :#@hFITNIL. TDEERA
EHEERMNFLY,

’T DISTINCTIVE: STATICS, Non- Externality

Mt




TRADITONAL
. * EVOLUTIONARY GAME

>ASSU.: FEREFVHF-EHICEZR[/OILETEA
TLV5.

»Under this assumption, we obtain the unique
solution: Selection Dy.—Replicator Eg. Replicator

s % =x(f,~)i=1-N.

INTERPRETATION: % 3i% H DI T EHFIE-FHELYS
SN, TOEIRZIEZRIT:EIRT 5,

DISTINCTIVE: DYNAMICS, EXTERNALITY




E23.19. FKF/\TA—42

—

DEF. : B A& AS—5F D F&

%16) m=(s,)=

-

\. |

FEFOTWoMNE M ZHIBR

T HEEFFE /AT A—4S(order parameter) ELNDHEE
DERDEIITEAT B,

%ZSi = Zsip({si })

where { ) stands for the average.




EXAMPLE

> (FEDEXAMPLETCEZ D, CDHEE.

HES1ZERITESEE . m=1/2,
HE2ZERITESZE . m=1,

B AR1E2HA T LIZERER . m=3/4.

B OfEIL. 1/2 =m = 1OET. m=1/2I138F X,
B AR 1ZENAD AN ZLNES Y m=1IZ38 T (X, B

WEE2Z D ADZLN,

S1(1) |S2(2)
S1(1) |AA  |0,0
S2(2) (0,0 B,B




=EXAMPLE : Ising type
@ ~ si={-1,1} — m=-1,0(random), 1

m ¢
1
®o :
.. Ye e
-1 ) IEEDFEHR=
E4% DI

HES(XELLN—7 HESIETUF L



SIMULATION
B EFEOHERIL., 1EF

y

TRAE.RD LI

W =Strategy 1. INDIGO=Strategy 2

r

‘ ORDERED TYPE 1 NO ORDERED

m >0

(s1,s1) s1é&s2
A Random|ZiEIR

y

ThHo,

ORDERED TYPE 2

m* =0 m <0

(s2,52)



ORDERED PARAMETER IN
s = REPLICATOR SYSTEM

4 i BETREREA 2D DR FF2AN T — LI
LV T, REPLICATOR A (F

+1 '\X:{("’”b)x—b} X(1-x), 0<x<1
_ C O &E DT (Nashig) (3,
< . b

. X =0,1,0< <1
) a-+b

?ﬁ’éh“i:mtu—: ORDERED PARAMETER has

HD (TP T=, three points (corner point(-
e 1,+1), interior point) in RE.

—1 ‘ SYS.



fngs 2.21: CHARACTERIZE ESS

&’RO.: Bishop and Cannings(1976): @ EQ IS
evolutionary stable strategy If and only If it meets
these first-order and second-order best-reply :

(2.7) F(y,x)<F(x,x), Vq;, —— | NashEq.

< F(y,X) =F(X,X)
0 Ry <Foy, THF%

\\Asymptotic Stable

Conditon




.» 1ngEE3.20.
—

PRO.: #ist h=EZ AU EEy — LE

BEmICH LT, &1L

ISR E L EES &[T RD 1¢F7é,ﬁﬁf"élttﬂ1l'£’€ﬁ>

2.

(3.17) u(y,x)<u(x,X),

VY,

,(3.18) |m—m*| <&

Lyapunov Stable
Condition

where, m* stands for the index of the

strategy




»>EXAMPLE: Ising type
@ © si={-1,1} - m=-1,0(random),1

m ¢
1
®o :
.. Ye e
-1 ) IEEDFEHR=
E4% DI

HES(XELLN—7 HESIETUF L



ASYMMETRIC TWO PERSON
< GAME

>»HBF/INTA—F3FE51DFEL., ESSIZDOUVTIE, #p
#83.20. DB.18)DEHZERD LHIIEIEET NI,
BY5,

|m'1— m'

m',—m’

<& N <&,

‘



Futher Works

S > HhFOEREICEE
1. EAKF TG WAWALIRF. 357
—(random) Graph##z&. Percolation
2. BB D ZEM/NI—2IZ5F H
—Fractal ¥:f
> (N 7Eh-oT-)igYRLYY — L
—FEE1BFE (Path-Dependent , 4TS HAFE,
TILFUT—IL, 523 LEIERZIEE)
—Kandori, Mailath and Rob(1993,
Econometrica) DHLiRAEE

I

:IE,EO)J'I:}A ;

S RDI%RLS- <] — TEMEI~D

VINEED, TDE=OHICIE ZLDSANEFENSD,




EX. :SPATIAL PRISONER’'S DILEMMA
GAME, Nowak and May(Nature, 1992)

CoOooann
Clho" M . A
5 gl SHcie
caEdian SesESta
3 s e e
_’;_1“ DulbDuudod
. | S Ly e ;’, ’ ‘quji- #;-ll a2 008, -_ _'-I ]
F:C(coeperate), 7rD (defect) |
- : T .":.""--H'_l'-":"_
% C A g s e
‘ i

dokllewing a D

PERCOLATION (72 7ELAZL VAN,
g_lj:ﬁﬁ-g_éo




4. SUMMARY
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