60085—!%5?5\‘%%(5@@?%7(?) 2008/09/05 16:25-17:05 M

MEXBEE L L CORFRIERNG T — LE R

(Evolving Game Theories as Stochastic Process)

Mitsuru KIKKAWA  (KEBEWES)

mitsurukikkawa(@hotmail. co. ip

THE LATEST VERSION IS AVAILABLE AT
http: il kikkawa.cyber—ninja. ip/ index.htm

@ ﬁ'ii)‘% W7z 8 Handout?Z L/



mailto:mitsurukikkawa@hotmail.co.jp
http://kikkawa.cyber-ninja.jp/index.htm
http://kikkawa.cyber-ninja.jp/index.htm
http://kikkawa.cyber-ninja.jp/index.htm

OUTLINE

1. Introduction (Motivation, Purpose)

2. Related Literatures and Review

3. Repeated Game Theory (Random
Stopping)

4. Stochastic Evolutionary Game Theory
4-1. Markov Chain
4-2. Pertect Memory (Martingale)

5. Summary (Future works)




1. INTRODUCTION

[ 1. Introduction (Motivation, Purpose)}
2. Related Literatures and Review
3. Repeated Game Theory (Random Stopping)
4. Stochastic Evolutionary Game Theory
4-1. Markov Chain
4-2. Perfect Memory (Martingale)

5. Summary (Future works)




OUR CONTRIBUTIONS

s FRRBNEZT ST LB VBL T — 4, #LT—
.Méﬁ*ﬁ@ﬂﬁ&fﬁﬁkb ZTDHHEZFRAL,

L7z, TOBRBETHERLLTIE TRICEATS
WaldDERX] 2/ 7=,




MOTIVATIONS

® ThisTalk is consist of the project for Game Theory as
Probability Theory (Normal Form Game , Statistical
Mechanics, etc.).
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Is mixed strategy a random variable or
a probability distribution ?

® Most of the game theory's textbooks are adopted the mixed strategy

as a probability distribution over pure strategies.
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Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

* Step 3) Derive Wald ‘s equation

® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).
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Definition. A sequence X={Xn;n=0} isa martingale with
respect to the sequence F={Fn; n= 0} if, for all n = 0,

(i) E(|Xn])<o0
(i) {Fn} is filtration, {Xn} is adapted for {Fn}.
(iii) E( Xn+1 | Fa) =Xna.s., V n = 0

In (iii), it “=" can be replaced “ =” we call the pair {Xn, Fn ; n =0}

a supermartingale, and“ =7 we call the pair {Xn, Fn ; n= 0} a

b/

submartingale.

Proposition. Markov Chain is a Martingale.
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Definition. A random variable n taking values in {0,1,2,...} U {oo}
s called a stopping time, or Markov times with respect to the
filtration{Fn | n=0} if {® | N(®)=n}€F., Vn=0.
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Theorem. Let (Y,F) be a martingale, and let T be a stopping time.
Then E (YT)=E(Y0) if the following holds:

a) P(T<o0) =1, E(T) < o0

b) there exists a constant c such that

E(|Yn+1-Yn| | Fa) = ¢, forall Vn<T.
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* Wald’s equation. Let X1,X2, ... be independent identically
distributed random variables with fintie mean L , and let
n
Sn — i1 Xi . Itis easy to see that Yn=5n—n [l constitutes a

martingale with respect to the filtration {Fn} where Fn = G (Y1,
Y2, ...,Yn). Now

E( |[Ynt1—Yn | Fn) =E | Xnt1 — U |
= E | X1—pu| < oo
We deduce from Optimal Stopping theorem that E(YT) = E(Y0)=0
for any stopping time T with finite mean, implying that
E(ST) = L E (T).
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_REVIEW: Replicator Equation
REPLICATOR EQ. Xj = X ((A)()I — X - Ax),i =1---,nN.
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3. Repeated Game Theory
(Random Stopping)

1. Introduction (Motivation, Purpose)
2. Related Literatures and Review
{ 3. Repeated Game Theory (Random Stopping)}
4. Stochastic Evolutionary Game Theory
4-1. Markov Chain
4-2. Perfect Memory (Martingale)
5. Summary (Future works) I
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Example
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Method

[' Step1) This game is a Martingale or not. }

—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

* Step 3) Derive Wald ‘s equation

® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).

(-,




4 N
M COF—LRELERA’RMAIBICHED, FRO
54 MENERopBE~YINVFVHF—-NVTH B, Fi-
EBROBESNVFVT—NTHSB.
Proof: S =uU,+dU, +---+0"u, &HBL. EEUREDLIS
0<6<1,n i3S VFLAEILRATHS. EHIcZZT

S'n=zn:(5i‘1ui—ﬂ), pu=0""E(,) &b &,

E(S'n | I:n—l) — E(Sln—l| |:n—l) + E(én_lun —,Lll |:n—l) — Sln—l

INED S EeNVFUETF—NTH DB, LoTHBILF
VHE—=NVTHBI=HITIE, () EG {n-11un) B0, () 2Tz
SBEVEHEIE, )n—>oDFETH B, 2F D EFILEA
HERDOEFE. HBFEAEDP0DFEEYNF UV F—INThHh
5, FI-EILKBAVERBROEE~YNF VTNV LTS
BB, () DHEIIWEFRG DB FE S
HMHFABNR LTI bDRELETEIZ LD B,

@ GE#)




@

Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping
time is tinite)
[ ® Step 3) Derive Wald ‘s equation ]
® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).




Wald D 5 BRA DX H
EEmERZHVS L,
E(S'N) = E(ut — )
283N, chiFolzFLVL, ZZT S’n=Sn-nul IZHER
THL, ROBKRAZ[S.

E(i&luij = E(N) .

CORARADLI S, FROFILRR F TOFBMIEEY

YA %&%ﬁﬂﬁ@¥%&@ﬁrﬁ&a@t
ﬁ'*‘]‘%@jﬁ% XS Nash N EF 5,

@




(-,

Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

® Step 3) Derive Wald ‘s equation

[ ® Step 4) Derive a Nash Equilibrium.]

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).




 EXAMPLE (Prisoner’s Dilemma Game) A
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Markov Chain

'[ Markov Chain = game in extensive form}

® Behavioral strategy (but we don’t analyze the relation
between a mixed strategy and behavioral strategy )
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Zn:(Xn,Yn); n=0,1,... ‘i SXS m{ﬁém5 ~ ﬁiﬂﬂgc:—ﬁtﬂ

Markovzihins it
N L A Yr—inkd
e 2D DEEH IR IE(C,0),(C,D),(D,0),

(D,D) e Za(Q)=(C,D) IFRITERO
IZb /f‘\"—-l Hdﬂkb- — I EEcZ2 L., 7L A4
1 BT 5,

@ p(l p) (-p)p' (1-p)I-p)
gp’ qd-p) (A-9)p" A-q)d-p’)
pa’ pd-q) d-p)g (A-p)A-a)

(49" qld-q) (d-g)a° d-9)d-a),
o pF I T VA Y —IIBEBICENENCE ZIEDE
OHLzE, 7Lt Yr—ifcE Tl ERETE S,

EXAMPLE
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EXAMPLE

SHEA h

AY—:1, I, PERREEBR DL Ss={C D},

Zn:(Xn,Yn); n=0,1,... ‘i SXS U){ﬁéﬂx5 ~ ﬁiﬂﬂgc:—ﬁtﬂ
Markovﬁfﬁ 943,

e ZDLZTDHBHERITIMPEKRRIZ(C,0),(CD),D,O),
OD)DIRIZIHEA TV S, Al 2:(Q)=(C,D) IFRITERO
IZBEWT nmBEICTZ VA —1DERRCEHRL, 7L A

m ql-q) (@-9q @1-9)l-q),

BT 5,
pp (1-p)a-p)

g)p’ (1-aq)d-p’)
-p)g 1-p)A-0)

o pF I T VA Y —IIBEBICENENCE ZIEDE

O L 785,

T4 — 1t cEMT RN EHRETS B,
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2DDIZE

AXY— 11, I, PEREREEDESS={C,D},
Zn:(Xn,Yn);n:O,l,... ‘i SXS U){ﬁéﬂx5 ~ ﬁiﬂﬂgc:—ﬁtﬂ
Markovﬁﬁﬁ&j—éo

c CHDLEDHEHER LR BB C,D),(D,C),
D,DYD Bz A TV ﬁﬁuﬁjv~£§—m BITERQ
cBWT i Hic 7 RS RO L. 7L 4
"\""Hﬁ‘ﬁim%l)é HL BRI

(pp' p-p 2 - p')
o_| @ at-p) (L-g)(L-p')
pg" pl-q) (A-p)a @-p)T-9)

99" 9q-q) @@-a9)q L-o9)@-9),

o pF I T VA Y —IIBEBICENENCE ZIEDE

ULz, 7Lt r—ifcE Tl ERETE S,

EXAMPLE

Y <t 2 D




g
o MIMAH. (CcCc),{CD}, {(DC},  {DD}
7o =(y', yd-y),A-y)y, 1-y)i-y"))
Y,V 71/4"\""1,11 B WIIZHNsTizcE ENENH THE
#,

o FIBBIXK: f(C,C)=A, f(C,D)=0, f(D,C)=0, f(D,D)=B
- Fimz BEC | BBED
HEEC |AJA |0,0 xR A
#HED 00 |B,B 7=k

o R Y mBR 7 L

4(3.5)=ImE, [1(X, ¥, U@B)=Im=E_[(X,,Y,)]

@ N—»0 /




/ﬁﬁl (Nowak[18]Z & E)
(1) [rr’|<1 DR, MarkoviBTE X B, IERAMNTH o T, EH
AT 7=(ss',5(1-5"),A-5)s",A-s)A—-sHWUEKT 3.

DL EFH[RKIIROMEIZIREKT 3,

u(a,b)=Ass+B(1-s)(1-s")

(i) r=r'=1 O, MarkoviBRE IZRB(C,O L O DYBENENEH
AHTHY,(CD),DC) D2ENVOLHODOBBEZIED, ULd
bREAWIE2>TH B3, u(@b)=Ay+BA-y)1-V')

(iii) r=r’=-1 DK, MarkoviBFE I H I H(C,0),(D,D) &
(C,D),(D,C)D2DTET, WITNHbAMII > THS, CDL &
R4 ) o RFFIFRIIROEICIREKR T 5,

.= A+ B
u(@,b) ="

(iv) r=1,r=-1 DK, (C,C) D b 3 L 7z Markovil®TRId (C,C) =
(C,D) = (D,D) = (D,C) LJHIZH o TWWE, AIZ+THB. 2D
EZ1RAAY Oﬁﬂﬁﬂ{%li{k@ﬁkllxi‘ﬂ‘é A+B

o @h="°




/ﬁEZ d) || <1(® rre(-1,1) 2T eE, D5 — A

ADEBAHIIAB<ODELEESERL B,

(ii) r=r =1 iz e, :@?—A@i'i%ﬁ’#ﬁ,%mﬁ@
1 (c,0), D,D) XA >0,B<oD & & (C,C) BESSE XL D,
A<0,B>0 D & & (DD) HESSEL LD, Fl-AB>0DL ZE
(C,0), (D,D) ENENESSL LD, ELZDBEESLS
DEBAHRELZANEMMIHy, v kB

JAXDEA : ZAHOH5MD ) 2B IZHIRZHRIT S,
e>0BELT,e=p=1—¢, e6=q=1—c¢,

M3 | |[<1(® re(l) BMkzTeE C0F5—A
IZBVT, TN EhD T —LDRIZB TP EERMI
ESS&E’L B,




RISK DOMINANCE

;15 (Harsanyi and Selten [7]) A—TF 4 Rx—YaYV
ﬁ:‘—.&\‘:b(t\'c, Nash 3% E1 28 Nash¥g e 2 ) R
IJHEBMTHBLITA>BDLEEZVY, T D
DEZYVRAIXBETHALIZ A<BDLEZLV).

B ER 1 B &2
B AR 1 4, 4 0,3
Bif A& 2 3.0 2.2

Rl CODHF—ALIZBWVWT AB>0(A—T 14 33—
VavEholtE VRAIXBMENTVL IR D E
BTV zB.




4-2. Perfect Memory (Martingale)

1. Introduction (Motivation, Purpose)
2. Related Literatures and Review
3. Repeated Game Theory (Random Stopping)
4. Stochastic Evolutionary Game Theory
4-1. Markov Chain
{ 4-2. Perfect Memory (Martingale) J
5. Summary (Future works) I




g GAME WITH PERFECT RECALL
ER18 BT —LATHEEREBS —ALATHB LI, TX
TOTVA¥Y—iG=1,... ,n)DTRTOEHRES v, ve Ui
LT, b LV@$5$§yﬁ§uﬁ‘5Hc IZ& o THIZE
AT HIE vOITRTOFELELCHE 2L o2Tudb
BERETHEILTHAS.

e BLREBF—ALTRIRTOIVAY—I3&8FHICH
WwT,

(HBEOHADFETOTRTORR, HL O
2) BEDOHADFEHETHATETSH o 2T RXTOER

ZRBELTVS E2Fl 5 — Ll BB TS —L0%
MNTHETHS.

(-,

™
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e 3.1) FEREEF (Xn;n=0,1,...}, FBDn=1,2,... EE
D so,..., Sn ‘:ﬁbf,

P(Xn=sn | X0=5s0, ... , Xn-1 = sn-1 )




Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping
time is tinite)
[0 Step 3) Derive Wald ‘s equation ]
® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).

(-,




" Main Theorem
EH BT B5WaldDHRA) X IFEREKL TS T
E(T)<coZ i fz TE LR, WixndFETH Y, FROE
ThdLZE,
E(X1 X ... X XT) = W E(T)
B IO
HE BEOCNFVF—NVIZHATIABOER) xX1,X0,...
EHRAMVUERERI T, 40Pk iTHEI LTS
Mi=1EERLU,neNIZM LT Mu=XiX2.. Xn &7 3.
CokE MIFEAZNFUVHF—ITHY, Moo= lim Mn
Mas ICHEETS. ZELTEUTDG)-(v IIFRAETH S.
i) EMoo) =1, (ii) LN DEBKT Mn — Mo,
i) (M) lE—RRBIB AU, (v) [Tan>0, 7272 L
0<am:=E(XN(1/2)n)=1, (v) X(1-an)<o0
bLLEDSODEND DRIz EZFITIE,
@ P(Moo=0)=1T& 3.

™




(e Proof:X1,X2, ... EMAEFAREBLEROIE L, EX =
u, Vk &L, Mo=p, Fo={p,Q} &L T, Mn=XiX2...Xn, Fn
=6 (X1,X2, ..., Xn) LTEETD. EBIZYn =M p'T LEX.

FT DY BENERN filtration {Fn} IZD2WVWTIVFV
F—=NWVTHBZLERT, CTTEM BN FVFTF—I
THNE, Wb N FUVTF—NTHIDT, MuD IV F
VIF—NVTHBZLERT, CDELE 1IN T,

E(Mn | Fn—l):E(Mn—1Xn | Fn—l) = Mn-1 E(Xn | Fn—l):Mn-lE(Xn) — U Mn-1

Zas. DEKRTHRS LoTu=1 0L EBINFVF—NT
HY, p=t 0)2:%711/9‘-/’3* VWThbd, £z LADMZ
Z ' TEIBE, EMo/pn | Fo-l) = Mo-t/p'n-1 £33, & o
T M/pn IV FUF—IVTHS.

RIZZWADBEREOEILEROEK2FHEZTLERT,
CCTHREBZAVE LRDEFFEBRY DI LB H B
E(|Yn+1-Yn| | Fn) = E(Mn (1-Xn) )< o0

Lo TEHcEL Y EYD=E(Yo)=p, VT L& B, Thhb
E(Yn) = E(Mn-pT) = (X1-p) = 0. & 2 T E(Sn-uT)=0,

@ ECXIX + + * X Xa) =uME(T) (BE #)

.—




Method

[' Step1) This game is a Martingale or not. }
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

* Step 3) Derive Wald ‘s equation

® Step 4) Derive a Nash Equilibrium.

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).

(-,




/ﬁﬁs COREXEBEVR DB T — ANV F U TF—IVTh A

P,

e /A4 X

P(Xn=snt+& | X0=s0, ... , Xn-1=sn-1)

B TFHRTHB L) TEHEBED ) A XV¥d 5%
BB FT—AFeNVFUF—=NLTHY, FERoT L

EOBHEDHS /A1 A bBRLRB.EBSI 5T — AT
SIWVFUHF =TTV,

(- y
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Method

® Stepl) This game is a Martingale or not.
—Yes
* Step 2) Apply Optimal Stopping Theorem (Stopping

time is tinite)

® Step 3) Derive Wald ‘s equation

[ ® Step 4) Derive a Nash Equilibrium.]

®* We apply this Method to Repeated Game (Section 3) and
Stochastic Evolutionary Game (Section 4).




 EXAMPLE (Prisoner’s Dilemma Game) A
o FIBXK FlEE
BYERC | BRESD HYERC | BEE&D

EEC |R,R S,T BYERC |R’.R’ S’ T’
EyEXD |T,S PP BYERD | T°,S’ PP’

272U T>R>p>s, FIBR D IELRBER) F TOFEMGAE2RL T
W3,

® Pareto %ﬁ@ﬁ%ﬁyj(C,C) é%ﬁj—é 7zHIZi3

Nash 54D 5 RZT D2 =p W) Z
BAETHB, CHDD 12p>— 30 5o Ips— >0
R+T S+P
£-oT

1> p* > max ! , > 0¢.
R+T S+P

gﬁ% o p*AFIEIRFHE & TEMEC % HR 5 iR,

/




CDFEENTE LTS Z EFH)

e AMRMEIIED R U 5 — LBERITE T IE R T EREE A
Nash¥

iﬁﬁﬁ%i?ﬂbébﬁ\%ﬁﬁﬁﬁmﬁ%é

o ZNIZHX L T, Friedman(1985)ld ¥t cDREAN
TNashEE LD BRVERAD S, —HBORRD
AW&FAL, o E2RL 2,

cHRKAX2DBLDIZ, BPTZDHF—ALZREBL ., JFi
HZHEZ25H L, BREZ2RETAIDT, TDEK_

ﬁgbGXVﬁb AT E O] EE 2 R L T
W3,
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s REIREBHNZ TS —LBRBARVELS —LHH.,
YLy —L2BmEHEEROBMEATIRZ., &
FNRELTVARF—ARIINFUVFE—INTHAE

I, PCHB L) ICAMPHRIZZTEZ LD H S,

e BIKWIZIZ. 7Y a Vi) ELF—LHHT
I3BEDITENR 74NV IL—Yavii ), 2IF
VH—IWELBZBBEDNDB, 7Y aviDf4L
JF—LBHB/TIE. BFAES — LB HEIIMarkoviEigh &
LTIRRBCLPTE, ChZ2BEDL2TOITH
IZIKBETHBETIIWVIZHRL, COHF—ARRSNVFV
5:—11/"(‘3507':0

e HRRE#EVELENADI LV YZHF—AIZBVTIE,
SFEHEEZTVWEDT, ThOBEE? S XLV
Hongktkz Rl T3, —RBoRESHEM,
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FUTURE WORKS

BREWHE. EHEOWRNELS—2HR
(Kandori, et al. (1993),Young (1993) mE YL DBEZEH

R3,
o FCIEIARM o FE

1HARI D, EBLeFEILD2EIR—TE o7, ENEN
R DIF A £ E X B (Sabourian 1998),
—ZCORBIZEBBYVELNADI VY HF—ALICH
WTIRTHORENY I 2V—Ya vtk s
ick-oTRB hTWVWS,
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FAQ.

X ?

BE#ibhow)a7E#EDF—LL
T, COF—LLHBENELLT —LE

* Q1) BR¥DEARKIZ, RS —LDOITTEERIZO W
TOMETHY, #L5y— LB mLZBARTVDOT

Al) BRI — LB lEBackward Induction TNash¥g # & 3K
HFETN, SEOFLEIE. Backward InductionlZ & B

%lusﬂ&%é ‘Q'C(l\i't":ﬁlo :@62—
ZIRARFE Lz, 272, #LT A (b 3B D
BWHE S ITAIE, RUMObABKEREHAT AN
B MAANTVETIVDOT, ELy—2H

MEVIDIFFTVTEDLDBULNEFRA, 27T
BRT & BNowak(1990) I Z DETFIV B EILF —L L L

TW3, F7zKandor, et al. (1993) X Young(1993) I & <
BEbhTL30

LDEBDH

imelLFEL
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