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RESEARCH FIELD (THIS TALK)

* MATHEMATICAL FINANCE
* EVOLUTIONARY GAME THEORY

* REACTION-DIFFUSION SYSTEM (NONLINEAR
PARTIAL DIFFERENTIAL EQUATION)
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1. Introduction
2. Black-Sholes Model
2.1 Continuous model
2.2 Discrete model
3. Extended Black-Sholes Model
4. Game Theoretic Model
5. Summary
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This Talk (Originality)

BEF DA
(Optimality)

We can understand the players’ action behavior.
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SOLUTION.

 Black-Sholes Formula
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SOLUTION.

Black-Sholes Formula

f(S,1) :S-NKGL\&WLJ xj—K-exp(— rx)- N(GL&).

A7 3> DHEAME T-t=2/12=0.1667
u=log(S/K)+(r-02/2)(T-t)=0.0331
u/oVx+ovx=0.3685, u/ovx=0.2133.
ERAETFRTMOEENS

N(u/oVx+oVx)=0.6437, N(u/oVvx)=0.5845.
LLEMG, 3—AE 7o a—ILA T a ikl

f(S,t)=14500 X 0.6437-14000 X exp-

0.06 X 0.1667) X 0.5845 =1232.0884
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SOLUTION.

Black-Sholes Formula

f(S,t)=S- N(mej K-exp(—rx)-N(GL&j.

o AT a @HM T-t=2/12=0.1667

* u=log(S/K)+(r-0%/2)(T-t)=0.0331

* u/oVx+oVvx=0.3685, u/ovx=0.2133.

s BEFRNSTMDHMEMNG

* N(u/oVx+oVvx)=0.6437, N(u/oVx)=0.5845.
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2. BLACK-SHOLES MODEL

1. Introduction
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2.1 Continuous model
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5. Summary
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Proof outline

c (211)E(2.9)FLLLERT BHE, BFERT YT =i
MKTF B, DFEY nSeeDEE, ID3IDHRLY
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(1) B,(n,p’)=N(x), (2) B,(n,p)=N(x-oVt),
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3. EXTENDED BLACK-SHOLES MODEL

1. Introduction
2. Black-Sholes Model
2.1 Continuous model
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5. Summary




RIGHRE R

° Eﬁﬁf’aﬁ
¢« FATAT7 TRARKSBRENH LB AR
~ (IR R M HEX) |

. BESHEERICEEL-IE,

o FRAf: BRID SV EH(KIFERR)




R—hIAVFDEKE

. EELTLBRER)

BERITEROUERELTEY., BELTL
BHE LU DR RIZE->THRERDTHA
ZiLT 2154



R—bTHVFDEE

« [BEELTDKA]

RERIIEBOBRZEZERABLTEY., BFELTL
SR LN DIRRICE->THEERDITEIA
ZiLTHHE.

* (2.5) [FRDEIICEE=ND.

) 2
(2-5 ) gf—S-AS—Af ={—@—18 f-azsz}-AtJrg(S)-At




CDKITRBHD T THES
 COBEREFEEDRAEREIRDESIE

BN,

2.8) W, (u,x)=2w,(u,x)+g(u,x)

S>EFRDIRWHIHTEN(FED—FEL
MDIENFBLNTLND)

TR E ALY



D&

SR D T THES

 COBERIEEDRAERRITRDESIE

Eéhéo
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(i) g(u,x)=(u-a)(1-u?), -1 < a < 1, Allen-Cahn
AEX

(i) g(ux)=|ulPlu, p>1 EEDEBDIEFR
[ZDULVT



BAGIERROEAEN

{56)
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4. GAME THEORETIC MODEL

1. Introduction
2. Black-Sholes Model
2.1 Continuous model
2.2 Discrete model
3. Extended Black-Sholes Model
[ZL Game Theoretic Mcm

5. Summary
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Model
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Do

ER AR 1 By %2
HEAR1 |a(t), -a(t) |0,0
EiH&2 1 0,0 b(t),-b(t)
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e FIF3R BRI | BLERD
HEAR1 |a(t), -a(t) |0,0

BB&2 (0,0 b(t),-b(t)
s MNOFFRIIERVGEIFIFEIZRLTUL

Do

Z D EZDReplicator AFER
51 =5,(1-s, fa(t) - (a(t) +b(t))s, |

52 =5, (1, }{-a(t) + (a(t) + b(t))s, |
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REVIEW: Replicator Equation
}(EPLICATOR EQ. Xi =X ((AX)I — X AX), | = 1---.n.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniquely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).

Two Strategies

[;<: X(1—x){b—(a+b)x} ]---(*)

Classification: 2
(1) Non-dilemma:a >0.b <0, ESS: one S1 S 2
(11) Prisoner’s dilemma:a <0. b >0, ESS :one S 1 - 0.0
() Coordination : a>0,b>0, ESS two 1 ! !
(IV) Hawk-Dove : a<0,b < 0, ESS one (mixed strategy) >2 0.0 b,b

Payoff Matrix
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GAME WITH PERFECT RECALL

B8 BERY — LN ELRES —LTHAENE,
FRTDITLAVY—i(i=1,.. n) DI RXTHDIEHE
BuveUilZHLT HELVOBHEIFEE Yy H ubh oK
CICEK - TEIZERBELGLIE, v DT RTHOFEENE

\ LK cI[TEoTunLEERBETHHETHD.

+ BRRET —LTEIRTOILAV—FBEFE
IZHUNT,

1) BEDBESDFETOTATOER, HEU
2) BEDEHDEETHATETHIT KT
niEH

ERIELTNS. R2EHY —LlL, T2 REY— L4
DEREBETHD.
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» (4.4)  HERZHI {X;n=0,1,..}, FED
n=1,2,.., {EFE D so,..., sn ITFFL T,
P(Xn=Sn | X0=SO, vee XN-1 = sn-1 )




Method

e Stepl) This game is a Martingale or not.

—>Yes

e Step 2) Apply Optimal Stopping Theorem (Stopping
time is finite)

* (Step 3) Derive Wald ‘s equation |

* Step 4) Derive a Nash Equilibrium.

 We apply this Method to Repeated Game (Section 3)
and Stochastic Evolutionary Game (Section 4).



n

11, (FEIZBET AWaldD AIER) Xn [ZFERLT$ LT 5)
TA E(T)<ooZiia =9 (= LB, pldEXnDFEHTHY, BIE
DIETHAHLET,

E(X1 X ... X X7)=pEM

\D B YT D. Y

/ﬁg (FBORILFUoT—ILIZEHT2ABBDTEE) Xi,Xz,...
EERITERTHINIT FLKDFEYIIITHSET S.
Mo=1EEZL, neNIZHLT Mai=Xi Xo.. Xn & 3. 2D
EE MITEETILFUOT—ILTHY, Me:= lim Mn HY a5
ICTFEET D FLTUTD(6)-(v) [(ZFRETH S.

(i) E(Mw)=1, (ii) L L!DEKRT Mn > Me,

(iii) (M) [&X—FkBIFE 7 (UI), (iv) TTan>0, T=7=L O<am:=

E(X(12,)=1, (v) Z(1-an)<oo
HLLEDSODDOENNMI DY L= EE(ZIE

\ P(M~=0)=1T&®5. | //

(EE




Outline of the Proof:

o X1, X2, .. ZMIAGIEEERTHDI, EX) =, V k &L,
Mo=p, Fo={d, Q} EL T, Mn=X1X2..Xn, Fn=0 (X1,X2, ..., Xn),
Yn=Mhn— LlT t%(

step 1) Yn [ZMaltingale THAEMEIM ? |
« n=1I[ZXL T,
E(Mn | Fn-1)=E(Mn-1Xn | Fn-1) = Mn-1 E(Xn|Fn-1)=Mn-1E(Xn) = u Mn-1
Zas DEKRTEHS. Lo Tu=1 DEETILFUS—ILTHS,
FHKXOMmiB%E p TEISE, E(Mo/ u | Fo-1) = Mn-g/ -t

n FOT—ILTHA.
[step 2) ORI FUS—ILIZETZBBDEEID
E(|Yn+1-Yn| | Fn ) = E(Mn (1-Xn) )< oo
Step 3 )IEE N TEDEHZH-IHN?
> Yes. E(Y1)=E(Yo)=p, V T &%55H, CnhVio

E(Yo) =E(Ma— pT)=(X2 — n)=0. &£>TE(Mn — u")=0,
E(X1 X === X Xn) = pE(T, (3E #)
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Method

. [Stepl) This game is a Martingale or not.]

—>Yes

e Step 2) Apply Optimal Stopping Theorem (Stopping
time is finite)

e Step 3) Derive Wald ‘s equation

* Step 4) Derive a Nash Equilibrium.

 We apply this Method to Repeated Game (Section 3)
and Stochastic Evolutionary Game (Section 4).
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Method

e Stepl) This game is a Martingale or not.

—>Yes

e Step 2) Apply Optimal Stopping Theorem (Stopping
time is finite)

e Step 3) Derive Wald ‘s equation

. [Step 4) Derive a Nash Equilibrium. ]

 We apply this Method to Repeated Game (Section 3)
and Stochastic Evolutionary Game (Section 4).



EXAMPLE (Prisoner’s Dilemma Game)

ERERC | BERE&RD
B ERC |R,R S,T
BYERD | T,S PP

HRERC | BERERD
B{ERC |R’,R’ S’ T’
BRRRD | T.S’ PP’

T=1=L T>R>P>S, Fl1§R 1 [XF LR E(RR)FTOFHHFHFERLTL
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EXAMPLE (Prisoner’s Dilemma Game)

BERERC | HRE&D HRERC | BERERD
BEEC |R,R ST BYERC |R’.R’ S’ T’
BEEED | T.S PP B B& D P’ P’

Ll 1#*'] F&(E>T,

P 12U ToRop>S, FIBSEL L2 1L B5R8 (75 IR A Shot M4 —LZ

Do

e Pareto FIELHEAITENC,C) ZEIHI H=0HIZIE
Nash B EEEMNS, RZT HD S Z P’ tL\a%#sz\
WHNETHD. DD 12p' 2o =20 B0 129 > >3

+T° S'+P’

&2T * T S
1> p > max , 0¢.
R4+T' S'+P!

150, p*IFILFFREFE TEESCE IS TSR,
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5. SUMMARY

1. Introduction
2. Black-Sholes Model
2.1 Continuous model
2.2 Discrete model
3. Extended Black-Sholes Model
4. Game Theoretic Model
[5. Summary ]




Summary

e LEA—:

Black-Sholes® %> =, (5E

2 19 ey ] & ke R R i
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Summary

e LEa—:
Black-Sholes® 4> X (& 5t Br fE] & Bl B AF fE])
o Yhik:
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Summary

« LEa—:
Black-Sholes® 4> X (& 5t Br fE] & Bl B AF fE])

* ¥hak:

© RIGIBBROETILA(CITRHRROS
HETIL)

o -7 —LBIRDILIE T, Black-Sholes® 2
X7 E H(ITEMEZEITEMBEA).

e JARZEA, FIRICEEEREENHDLES.
Fat-tail DEH,




Future Works.

Feedback

JEFR T R

BHERN




Future Works.

Feedback
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BHERN

[ Phenomenon ]




FUTURE WORKS

» FERARM A TREDADH:
JERRIRICL DI IRFE I DE B

Black-Sholes#&iF Tlk. Nump = Stop= | DHE =
TANSDHEL M-,

o I7AFT U RAFEDIIEFRDIEBEZRDITS.
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FUTURE WORKS

e U-Mart (http://www.u-mart.org/html/)
* Option Market M AL hix
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Thank you for your attention.

Mitsuru KIKKAWA (mitsurukikkawa@hotmail.co.jp)

This File is available at

http://kikkawa.cyber-ninja.jp/index.htm
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j:S i (-j- (EVOLUTIONARY GAME THEORY)

PRELIMINARIES
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S|tuati0n (Traditional Evolutionary Game Theory)
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S|tuati0n (Traditional Evolutionary Game Theory)

ANAVAVARID
1 ( ( ( P ok
&) e (’ (
Q) &) & &) ,@

[Another players look at the game. ]
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S|tuati0n (Traditional Evolutionary Game Theory)

At Random (infinitely)
l } (1. ( (
QO &

SLENENENE)
1( ( ( ]

[Another players look at the game.

93



S|tuati0n (Traditional Evolutionary Game Theory)

At Random (infinitely)
&) G &) 1. ( (

1 (‘ ( , rk -

QO &

EREENEE)
1, ( ( ]

Play a
game

[Another players look at the game.
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S|tuati0n (Traditional Evolutionary Game Theory)

At Random (infinitely)
&) G &) 1. ( (

1 (‘ ( , rk -

QO &

EREENEE)
1, ( ( ]

Play a
game

{Another players look at the game.

Replicator Equation
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REVIEW: Replicator Equation

FEPLICATOR EQ. Xi =Xi<!AX!-—X°AX),i=1,“°,n.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before.
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REVIEW: Replicator Equation
FEPLICATOR EQ. Xi =X ((AX)I — X AX), | = 1---.n.

.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality).

97



REVIEW: Replicator Equation
FEPLICATOR EQ. Xi =X ((AX)I — X AX), | = 1---.n.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniguely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).
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REVIEW: Replicator Equation
}(EPLICATOR EQ. Xi =X ((AX)I — X AX), | = 1---.n.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniquely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).

Two Strategies

[;<: X(1—x){b—(a+b)x} ]---(*)

Classification 2
(1) Non-dilemma:a >0.b <0, ESS: one S1 S 2
(I1) Prisoner’s dilemma:a <0. b >0, ESS :one S 1 - 0.0
(1) Coordination : a>0,b>0, ESS two 1 ! !
(1) Hawk-Dove : a<0,b < 0, ESS one (mixed strategy] >2 0.0 b,

Payoff Matrix



EVOLUTIONARY STABLE STRATEGY (ESS)

DEF.: Weibull(1995): X & Ais an evolutionary stable
strategy (ESS) if for every strategy Y # X there exists

some g, €(0,1) such that the following inequality
holds for all £€(0,¢,) .

ufx,ey+@1—e)x]>uly,ey+(1—&)x].




EVOLUTIONARY STABLE STRATEGY (ESS)

DEF.: Weibull(1995): X & Ais an evolutionary stable
strategy (ESS) if for every strategy Y # X there exists

some g, €(0,1) such that the following inequality
holds for all £€(0,¢,) .

ufx,ey+@1—e)x]>uly,ey+(1—&)x].

INTERPRETATION: : incumbent payoff (fitness) is higher

than that of the post-entry strategy

(ESS : (Dthe solution of the Replicator equation + (2
asymptotic stable.)
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PROPOSITION

PRO.(Bishop and Cannings (1978)): X€A s
evolutionary stable strategy if and only if it meets
these first-order and second-order best-reply :

102




PROPOSITION

PRO.(Bishop and Cannings (1978)):

XeA is

evolutionary stable strategy if and only if it meets
these first-order and second-order best-reply :

(24) u(y,)<u(xx), vy, —— Nane

u(y, x) = u(x, x)

(2.5)
= u(y,y) <u(x,y),

VY # X,
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PROPOSITION

PRO.(Bishop and Cannings (1978)): X€A is
evolutionary stable strategy if and only if it meets
these first-order and second-order best-reply :

(24) u(y,)<u(xx), vy, —— Nane

(2.5) u(y, X) =u(x, x) Wy %X,

= u(y,y) <u(x,y),

\\Asymptotic Stable

Conditon
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