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This Talk (本報告)
• ANALYZES the financial market with 

Evolutionary game theory.(金融市場におい
て、進化ゲーム理論を用いて、分析する)

• PREDICTS the next market state with Stability 
Analysis.(安定性の概念を用いることによって、
次期の市場の状態を予測する)

• EXAMINES the Real Market (Future Market) to 
apply this model. (構築したモデルをもとに、
実際の市場を分析する)

• MOVIE (avi)
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Motivation (動機)

• For Practical Use (実務への応用を目指して)

More Detail (より具体的で), More Useful (より
役に立つ)

→We construct the market from the order book. 
(板情報に着目)

• ＋Use the ‘’Real Data’’ (実際のデータを取り
扱う)
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2. RELATED LITERATURES AND 
PRELIMINARIES
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Related Literatures(先行研究)

• Micro Structure

Roughly speaking, we analysis the agents’ 
behavior from the financial data.(データから市場
参加者の行動を探る)

• Method: Evolutionary Game Theory (進化ゲーム
理論)

→ Esaley and O’hara (1992)  [HP]

• Applied Evolutionary Game Theory

• 川西 (2008) [amazon]
16

http://www.jstor.org/stable/2329116
http://www.amazon.co.jp/gp/product/4492313931?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4492313931
http://www.amazon.co.jp/gp/product/4492313931?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4492313931
http://www.amazon.co.jp/gp/product/4492313931?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4492313931


PUCK (Econophysics)

• PUCK ・・・Potential Unbalanced Complex 
Kinetics PUCK 動画 (real player)

• USE: Discrete Langevin Equation

→Derive the potential energy in the market and 
Predict the next states from Potential 
Function’s Form .

• Takayasu, et al. (2006) [HP], Yamada, et al. 
(2008) [HP], Yamada, et al. (2009)  [HP]
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PUCK-Tools Demo.flv
PUCK-Tools Demo.flv
PUCK-Tools Demo.flv
PUCK-Tools Demo.flv
http://www.sciencedirect.com/science?_ob=ArticleURL&_udi=B6TVG-4JXRHWF-3&_user=4351341&_rdoc=1&_fmt=&_orig=search&_sort=d&_docanchor=&view=c&_acct=C000009759&_version=1&_urlVersion=0&_userid=4351341&md5=8fe74d0dba4131693f3a599200c61a6f
http://www.springerlink.com/content/m3612152601p7n88/
http://link.aps.org/doi/10.1103/PhysRevE.79.051120


How are stock prices determined ?

• Stock prices are determined by two methods, the 
Itayose(板寄せ) and Zaraba(ザラバ) methods. 
The Itayose method is mainly used to decide 
opening and closing prices; the Zaraba method is 
used during continuous auction trading for the 
rest of the trading session.

→ The stock price are determined by Rule.

[Nikkei 225 Future Market(日経225先物)]  [1day]
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Two Principles (2つの原則)
1)  Price Priority (価格優先の原則)

means that the lowest sell and highest buy 
orders take precedence over other orders.

2) Time Priority (時間優先の原則)

means that among orders at the same price, the 
order placed earliest takes precedence.
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Offer(sell)                    Price Bid (buy)

----------------------------------------------------------------------------------------------

A 3000(5), C 4000(4)   502
-----------------------------------------------------------------------------------------------

D 10000(3), E 9000(2), F 5000(1) 501
-----------------------------------------------------------------------------------------------

500 H 80000(1), B 1000(2), J 4000(3)

--------------------------------------------------------------------------------------------
499     H 1000(4), B 150000(5)late← → early

early ← → late



The Order Book (板情報)

（Offer(sell)） Price （Bid (buy)）

-----------------------------------------------

6000 Market orders 4000
-----------------------------------------------

8000 502               1000
----------------------------------------------

20000 501 7000
-----------------------------------------------

4000 500 10000 

---------------------------------------------

2000           499 8000
----------------------------------------------

4000           498 30000

The center column 
gives the prices, the 
second column from 
the left shows the 
volume of individual 
offers (sell). The right 
hand side of the 
table represents the 
bid side (buy).

In this case, opening 
price is 500 or 501.

21
Source : Tokyo Stock Exchange: Guide 
to TSE Trading Methodology

http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html


Assume: opening price is 500.

• The market 
orders of 4000 
shares to buy and 
6000 shares to 
sell are matched, 
leaving sell 
orders of 2000 
shares.
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（Offer(sell)） Price （Bid (buy)）

-----------------------------------------------

6000 Market orders 4000
-----------------------------------------------

8000 502               1000
----------------------------------------------

20000 501 7000
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4000           498 30000

Source : Tokyo Stock Exchange: Guide 
to TSE Trading Methodology

http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html


Second Step

• The market sell 
orders of 2000 
shares and sell 
orders 6000 shares 
at limit prices of 499 
or less are matched 
with the buy orders 
of 8000 shares at 
limit prices of 501 or 
more. Thus far, 
12000 shares have 
been matched in 
total.
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（Offer(sell)） Price （Bid (buy)）

-----------------------------------------------

2000 Market orders
-----------------------------------------------

8000 502               1000
----------------------------------------------

20000 501 7000
-----------------------------------------------

4000 500 10000 

---------------------------------------------

2000           499 8000
----------------------------------------------

4000           498 30000

Source : Tokyo Stock Exchange: Guide 
to TSE Trading Methodology

http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html


Third Step

• Finally, the sell 
orders of 4000 
shares at a limit 
price of 500 are 
matched with the 
buy orders of 
10000 shares at a 
limit price of 500. 
Although this still 
leaves buy orders 
of 6000 shares at 
500.

24

（Offer(sell)） Price （Bid (buy)）

-----------------------------------------------

Market orders
-----------------------------------------------

8000 502               
----------------------------------------------

20000 501
-----------------------------------------------

4000 500 10000 

---------------------------------------------

499 8000
----------------------------------------------

498 30000

Source : Tokyo Stock Exchange: Guide 
to TSE Trading Methodology

http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html


Fourth Step

• Thus the opening 
price is determined 
at 500 and 
transactions of 
16000 shares are 
completed at 500.
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（Offer(sell)） Price （Bid (buy)）

-----------------------------------------------

Market orders
-----------------------------------------------

8000 502               
----------------------------------------------

20000 501
-----------------------------------------------

500 6000 

---------------------------------------------

499 8000
----------------------------------------------

498 30000

The stock price and the trade depends on the 
order book. (価格は板情報によって決定する。)



3. MODEL
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Model (モデル)
• Players… large population : seller and buyer, 

potentially (大人数の潜在的な売り手と買い
手)

Seller and Buyer trade an asset.

• Goods (財) … 1財

• Strategy (戦略)… n (<∞) 個

Here, the price : how much do you buy or sell an 
asset. (ここでは購入、売却価格)
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Situation (Traditional Evolutionary Game Theory)
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Situation (Traditional Evolutionary Game Theory)
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At  Random (infinitely)



Situation (Traditional Evolutionary Game Theory)
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Another players look at the game.

At  Random (infinitely)



Situation (Traditional Evolutionary Game Theory)
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Play a 
game  

Another players look at the game.

At  Random (infinitely)



Situation (Traditional Evolutionary Game Theory)
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Play a 
game  

Another players look at the game.

Replicator Equation

At  Random (infinitely)



Situation (two types players)
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Situation

34

At  Random



Situation
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TRADE

At  Random

No Trade



Situation
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Offer ¥500

Bid ¥499



Situation
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Stock Exchange which take account 
of the order book decides the trade’s 
contract. (取引所が板情報をもとに、
売買契約を決定する)

Offer ¥500

Bid ¥499



Situation
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Another players look at the order 
book (他のプレイヤーは板情報を見
ている).

Offer ¥500

Bid ¥499



Situation
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Offer ¥500

Bid ¥499

Which strategy is Nash 
Equilibrium, 
if this game is played at 
infinite ?
(このゲームを無限回仮想的に行うと、ど
の戦略が均衡となるのか？)

Another players look at the order 
book (他のプレイヤーは板情報を見
ている).



Model (モデル)
• Payoff (利得) … Buyer : S(t)-K, Seller : K-S(t)

where S(t) : current stock price, Brownian 
Motion. K: strike price (行使価格)

• Replicator Equation

where xi, yi : the probability of choosing the 
strategy 1 for each player. gi, hi : the payoff 
when each player chooses the strategy 1.
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EVOLUTIONARILY STABLE STRATEGY （ESS)

DEF.：Weibull(1995):   is an evolutionarily stable 
strategy (ESS) if for every strategy                there exists 
some                       such that the following inequality 
holds for all .

x
y x

(0,1)y 

(0, )y 

[ , (1 ) ] [ , (1 ) ].u x y x u y y x       



DEF.：Weibull(1995):   is an evolutionarily stable 
strategy (ESS) if for every strategy                there exists 
some                       such that the following inequality 
holds for all .

x
y x

(0,1)y 

(0, )y 

[ , (1 ) ] [ , (1 ) ].u x y x u y y x       

INTERPRETATION：incumbent payoff (fitness) is higher

than that of the post-entry strategy 

（ESS : ①the solution of the Replicator equation + ②
asymptotic stable.）

EVOLUTIONARILY STABLE STRATEGY （ESS)



PROPOSITION

PRO.(Bishop and Cannings (1978)):                is 
evolutionary stable strategy if and only if it meets 
these first-order and second-order best-reply :
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PROPOSITION

PRO.(Bishop and Cannings (1978)):                is 
evolutionary stable strategy if and only if it meets 
these first-order and second-order best-reply :

(2.4) ( , ) ( , ), ,

( , ) ( , )
(2.5) ,

( , ) ( , ),

u y x u x x y

u y x u x x
y x

u y y u x y

 


 

 

Nash Eq.

Asymptotic Stable 

Conditon

x



Two Strategies Case 
(戦略の数が2つ) :

• Replicator equation (see next slide)

where x, y is the probability of choosing the 
strategy 1, 2 for each player.

46

  

  ,)()()()1(

,)()()()1(

xtbtatbyyy

ytbtatbxxx









S1 S2

S1 a(t),-a(t) 0,0

S2 0,0 b(t),-b(t)
player1

Player 2



Situation
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Offer :Bull

Bid: Bear



Replicator Equation
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REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected 
utility x Ax, the probability of the action i is higher than before. 

   .,,1, niAxxAxxx iii 




Replicator Equation
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REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected 
utility x Ax, the probability of the action i is higher than before. And this 
equation shows that the probability of the action i chosen by another 
players is also higher than before (externality).
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Replicator Equation
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REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected 
utility x Ax, the probability of the action i is higher than before. And this 
equation shows that the probability of the action i chosen by another 
players is also higher than before (externality). Furthermore, the 
equation is derived uniquely by the monotonic (that is if one type has 
increased its share in the population then all types with higher profit 
should also have increased their shares).

   .,,1, niAxxAxxx iii 




Replicator Equation
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S  1 S  2

S 1 a,a 0,0

S 2 0,0 b,b

(1 ){ ( ) }x x x b a b x


   

Payoff Matrix

1

2

(I) Non-dilemma: a  > 0, b < 0, ESS : one

(II) Prisoner’s dilemma : a  < 0, b > 0, ESS :one
(III)  Coordination : a>0,b>0, ESS two

(IV) Hawk-Dove : a<0,b < 0, ESS one (mixed strategy)

Classification

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected 
utility x Ax, the probability of the action i is higher than before. And this 
equation shows that the probability of the action i chosen by another 
players is also higher than before (externality). Furthermore, the 
equation is derived uniquely by the monotonic (that is if one type has 
increased its share in the population then all types with higher profit 
should also have increased their shares).

Two Strategies

・・・(＊)

   .,,1, niAxxAxxx iii 

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Replicator Eq. and Payoff Matrix

• Strategy : Two, Player : Two

• Payoff

• Replicator Equation

1 3 1 31 2

2 4 2 4

,
f f g g

P P
f f g g

   
    
   

1 2 3 4 1 2(1 ){ ( )}y y y f f x f f f f


      

4 2 3 4 1 2(1 ){ ( )}x x x g g y g g g g


      

x is the probability of the type 2 player chooses the strategy 2.

y is the probability of the type 1 player chooses the strategy 1.



53

S1 S2

S1 a,b 0,0

S2 0,0 c,d

Derive

(I) Non-Dilemma, Prisoner’s Dilemma :

ac < 0, bd >0,   ESS :1

(II) Coordination : 

a>0,b>0,c>0,d>0, ESS :2

(III) Chicken : 

a<0,b<0,c<0,d<0,  ESS :2

(IV) Matching Pennie: 

ab<0,cd<0, ac>0,bd<0, ESS:Mixed

Classification

bggdggcffaff  :,:,:,: 31243421

   ydbdxxxxcaayyy )()1(,)()1( 




Prediction (予測)

• Replicator equation divided by xy(1-x)(1-y) :

• Discrete the above equations:
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Payoff Matrix (利得表)
i) ↑ (UP)

N.E. (s1,s2),(s2,s2)

ii) ↓ (Down)

N.E. (s1,s1),(s1,s2)

iii) → (No change)

N.E. (s1,s2)

i),ii),iii) → (s1,s2) (x→1, y→0)
55
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S 1 +,- 0,0
S 2 0,0 -,+
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NIKKEI 225 FUTURE MARKET
(日経225先物市場)

4. Application:
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EX: 20090826
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Payoff Matrix (利得表)
i) ↑ (UP)

N.E. (s2,s2)

ii) ↓ (Down)

N.E. (s1,s1)

iii) → (No change)

N.E. Mixed Strategy.

60

S  1 S  2

S 1 +,+ 0,0
S 2 0,0 -,+

S  1 S  2

S 1 +, - 0,0
S 2 0,0 +,+

S  1 S  2

S 1 -,+ 0,0
S 2 0,0 -,+



EX: 20090826
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OPTION MARKET
(オプション市場)

5. Application:

62



OPTION
• Option gives the buyer the right, but not the 

obligation, to buy or sell an asset at a set price on 
or before a given date.(オプションとは売買を行う
権利) Call(put) is the right which the buy(sell) an 
asset (買い付ける権利をコール(call)、売り付ける
権利をプット(put)と言います)

• Stock Index Options are traded in Japan are Nikkei 
225 option、Nikkei 300 option(Osaka Securities 
Exchange)、TOPIX option(Tokyo Stock Exchange)

[DATA]  Osaka Securities Exchange
http://www.nippo.ose.or.jp/pdf.html
• Black-Sholes’s Formula・・・value the price of 

European Option
63

http://www.ose.or.jp/
http://www.ose.or.jp/
http://www.tse.or.jp/
http://www.nippo.ose.or.jp/pdf.html


PROBLEM

• Value the European Call Option under the 
following. (次のヨーロピアン・コールオプショ
ンの価格を求めよ)

Current Stock Price(現在の株価) S:=¥14500, 
Strike Price(権利行使価格) K:=¥14000, 
Maturity(満期):=2 month, Volatility σ :=38%, 
Riskless interest rate (非危険利子率 )r:=6%

→ How much do you value this right under the 
above conditions ? (あなたは上記の条件でい
くら支払い購入する権利をするのか)
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PROBLEM

• Value the European Call Option under the 
following. (次のヨーロピアン・コールオプショ
ンの価格を求めよ)

Current Stock Price(現在の株価) S:=¥14500, 
Strike Price(権利行使価格) K:=¥14000, 
Maturity(満期):=2 month, Volatility σ :=38%, 
Riskless interest rate (非危険利子率 )r:=6%

→ How much do you value this right under the 
above conditions ? (あなたは上記の条件でい
くら支払い購入する権利をするのか)
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THEORETICAL ANSWER
• Black-Sholes Formula

• Maturity (オプションの期間) T-t=2/12=0.1667
• u=log(S/K)+(r-σ2/2)(T-t)=0.0331
• u/σ√x+σ√x=0.3685, u/σ√x=0.2133.
• From Standard Normal distribution Table(標準正規分布の
数表から)

• N(u/σ√x+σ√x)=0.6437, N(u/σ√x)=0.5845.
We derive the European Call Option price from the above.

f(S,t)=14500×0.6437-14000×exp(-0.06×0.1667)×0.5845 
= ¥1232.0884

⇒Stock Price after two month(2ヶ月後の株価)
＞ ¥15232 「GAIN」
＜ 「LOSS」
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Black-Sholes Formula in this setting

• When we derive the Black-Sholes formula, the strike 
price is influence by the boundary condition.(行使価

• 格の影響があるのは、境界条件を使用するとき)

• K :=

where the strategy 1’s strike price in equilibrium

(平衡時の戦略1における行使価格)            + the

strategy 2’s the strike price in equilibrium.

is the probability of choosing the mixed 
strategy(混合戦略を採用する場合の確率)
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6. SUMMARY AND FUTURE WORKS
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Summary and Future Works
Summary

• MODELING the Financial Market.

• DERIVE the payoff matrix for each player.

• APPLY the Real Market.

• DERIVE the Optimal Behavior for each player.

Future Works

• GET the Online Financial Data, CALCULATE and 
DISPLAY. (オンラインでデータを入手し、計算し、
それを表示する)

• MAKE the software like a PUCK based on the 
Evolutionary Game Theory. (PUCKの進化ゲーム
理論版の構築)
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Summary and Future Works
Summary

• MODELING the Financial Market.

• DERIVE the payoff matrix for each player.

• APPLY the Real Market.

• DERIVE the Optimal Behavior for each player.

Future Works

• GET the Online Financial Data, CALCULATE and 
DISPLAY. (オンラインでデータを入手し、計算し、
それを表示する)

• MAKE the software like a PUCK based on the 
Evolutionary Game Theory. (PUCKの進化ゲーム
理論版の構築)
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Artificial Market (人工市場)
• 和泉潔(2003)「人工市場」[amazon]

• 塩沢, 中島, 松井, 小山, 谷口, 橋本(2006)「人
工市場で学ぶマーケットメカニズム」経済学
編[amazon],

• 喜多, 森, 小野, 佐藤, 小山, 秋元(2009)「人工

市場で学ぶマーケットメカニズム」工学編
[amazon]

• 鳥海不二夫(2007)「株ロボを作ろう！」
[amazon]

etc
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Mitsuru KIKKAWA (mitsurukikkawa@hotmail.co.jp)

This File is available at

http://kikkawa.cyber-ninja.jp/
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