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This Talk (A< Ex &)

 We introduce to Evolutionary game theory for

the beginner.( {1t —LIEHZ RN T )

 What is evolutionary game theory?
(LT —LEmEE ?)

* Why do we use evolutionary game theory ?
(e, EET —LERIDMN ?)

 What is the merits of using evolutionary game
theory?

ALY — LR OESE L ?) \ /




Self-Introduction : Research

Research Field : Evolutionary Game Theory : Theory

and its Applications (b — LR EZ DI,

Theory: Pay Attention to the Stochastic Aspect in

)

(Evolutionary) Game Theory. (fEZRREIEIZ7E

)

Main Interest (applications): Economic Phenomena
(FF2FIHR). Recently, Finance (&L lZT7 714+ R).

I0

EILT — LEEROEIE | (A Mathematical
PrlnC|pIe of Evolutionary Game Theory) L@ &

S EETT 8% JSeries #126(20084E18), pp.17
177. [ﬂ] 3\


http://eprints3.math.sci.hokudai.ac.jp/1829/

Jwvon Neumann

1. A Model of General Economic
Equilibrium, RES, 31(1945-46), 1-9.

— He proved the existence of situations iy

of equilibrium in mathematical Gmyf
models of market development
based on supply and demand by
applying Brouwer’s fixed point o Ae

theory.

2. Theory of Game and Economic
Behavior (With Oskar Morgenstern),
1944.



http://www.amazon.co.jp/gp/product/0691130612?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=0691130612

John Forbes Nash

Nash equilibrium

He shared the 1994 Nobel Prize in
Economics with two other game theorists,
Reinhard Selten and John Harsanyi.

His most famous work in pure mathematics
was the Nash embedding theorem,
which showed that any abstract
Riemannian manifold can be isometrically
realized as a submanifold of Euclidean
space. He also made contributions to the
theory of nonlinear parabolic partial o BERULU b e

differential equations. \/



http://www.amazon.co.jp/gp/product/B001RN8W7C?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=B001RN8W7C

Nash Equilibrium

DEF. The strategy profile s*=(s*,,...,s*,) is a Nash
equilibrium if
f(s*)= f(s,s*.), VsES,

for all players i(=1,...,n), where f is a payoff
function and S, is the set of pure strategy.

—|f the player plays the strategy profile s*, each
player has no motivation to change my

strategy.
John F. Nash “Equilibrium Points in n-Person Games,” PNAS, 36,\/
(1950) 48-49. [HP]


http://www.jstor.org/stable/88031

player 2 chooses strategy 1, p
payoff b. In this situation, w

WHAT IS GAME ?

(Non-cooperative Game)

There are two interacted players (Player 1, Player 2). (fH B E{&RIZ
HH2ADERMNSET B) If player 1 chooses strategy 1 and

ayer 1's payoff is a, player 2’s
nich strategy each players chooses ?

(CDEIFIRREDEET. FEEREED I OGTHEEZEELDMN ?)
((The game is played only one.)f=1=LZ D7 —LIZ—ERY TH

Nash equilibrium

depends on the sign

5ET D))
—This game’s solution is Nash Equilibrium.
Player 2
S1 |S2
ayers S |ab 0,0
S2 |0,0 |cd

of a,b,c,d. /




DEF. Strategic Game
DEF. A strategic game

consists of

(i) N={1,2,...,n} is the set of players,

(ii) for each player i€EN a nonempty set
(the set of actions available to player i)

(iii) for each player i€N a preference/utility
-




Existence of a Nash Equilibrium

Theorem (Nash 1950 [HP]): Every finite strategic-
form game has a mixed strategy equilibrium.

Lemma (Kakutani’s fixed point theorem):

Let X be a compact convex subset of R" and let f: X -
X be a set-valued function for which

1) For all x € X be the set f(x) is nonempty and
convex

2) The graph of fis closed (i.e. for all sequences {x,}
and {y_} such thaty_€f(x ) for all n, x —x, and

y.—Y, we have y€f(x)).
Then there exists Xx€X such that x€f(x*). \/


http://www.jstor.org/stable/88031

Application

Industrial Organization (= = #8:8)

Player : Firm

Cournot-Nash Duopoly Game (Strategy :
Quantity), Bertrand Duopoly Game (Strategy:

Price)

Strategic Trade Policy (B5B& B9 & Z BUER)
Player : Country

Strategy : Su

osidy or no.

METI (IR K ELEE)  [BEELEDE ) \ /


http://www.tbs.co.jp/kanryou09/

* Biology:
Describe the competition among species.

Ex ) Animals (foods), Plants (light), Sex-Ratio
game ... etc.




EXAMPLE
Payoff Matrix is Very Important

* |In the end, these applications are to famous
games. (N Z<DICFABREIEILLTD (B4
18T —LICIRET D)

* Prisoner’s Dilemma (
Environmental

A

ADTLT) Game: -+

Problem ((R1ZE1%E), Cournot

Duopoly(#8 &5 %), Public Goods Game (424t
E?]‘B'Z II:I') player 2
C D
sayert |C |25 .25 | 7E MBI
D || 74 |54 55 N.E. : (D,D) \




» Coordination Game- - *Standardize(FR#&#fE—)

player 2
S1 S2
playerl =1 t4 10,0
S2 |0,0 |[+,+ N.E.:(S1,S1), (S1,51)
e Hawk-Dove Game- - = Struggle between
animals (E¥IE(ZH [T HEIF)
olayer 2 N.E. : Mixed Strategy
Hawk Dove
layers |HAWK |V-C/2, V-C/2 |V,0
Dove |0,V VI2,VI2 | C>V \/




WHAT IS “ EVOLUTIONARY GAME
THEORY” ?

e S 9 1
deeh = .

In 1973 Maynard Smith formalized a central c
concept in game theory called the m '
evolutionary stable strategy (ESS), based on

a verbal argument by G.R.Price. Thisarea = g piion
of research culminated in his 1982 book ;Edthe f
Evolution and the Theory of Games. The G

Hawk-Dove game is arguably his single
most influential game theoretical model.

POINT ! : Payoff(F%)— Fitness(i# i E) /


https://affiliate.amazon.co.jp/gp/associates/network/build-links/individual/get-html.html?ie=UTF8&asin=0521288843

EVOLUTIONARILY STABLE STRATEGY (ESS)

DEF.: WeibuII(1995): is an evolutionarily stable

strategy (ESS) if for every strategy Mthere exists
some such that the following inequality

holds for a

ulx,ey+0—¢&)x]>uly,ey+(1—¢)Xx].




EVOLUTIONARILY STABLE STRATEGY (ESS)

DEF.: WeibuII(1995): is an evolutionarily stable

strategy (ESS) if for every strategy Mthere exists
some such that the following inequality

holds for a

ulx,ey+0—¢&)x]>uly,ey+(1—¢)Xx].

INTERPRETATION: : incumbent payoff (fitness) is higher

than that of the post-entry strategy
(ESS : Mthe solution of the Replicator equation + 2 \/

asymptotic stable.)



PROPOSITION

PRO.(Bishop and Cannings (1978)): is
evolutionary stable strategy if and only if it meets
these first-order and second-order best-reply :

\V4



PROPOSITION

PRO.(Bishop and Cannings (1978)): is
evolutionary stable strategy if and only if it meets
these first-order and second-order best-reply :

(2.4) u(y,Xx)<u(x,x), Wy,
u(y, x) =u(x, x)
= u(y,y) <u(xYy),

(2.5)




PROPOSITION

PRO.(Bishop and Cannings (1978)): is
evolutionary stable strategy if and only if it meets

these first-order and second-order best-reply :
~—— Nash Eq

(2.4) u(y,Xx)<u(x,x), Wy,

= u(y,y) <u(x,y),
\Asymptotic Stable
Conditon

\V4




S|tuati0n (Traditional Evolutionary Game Theory)

) '5
(,(((
€) & .9-9 <
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SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)




SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.
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SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.




SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.

Replicator Equation\/



Replicator Equation

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before.




Replicator Equation

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality).




Replicator Equation

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniquely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).




Replicator Equation

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniquely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).

Two Strategies °
X = X(1—x){b—(a+b)x} s ;

Classification

(1) Non-dilemma:a >0,b <0, ESS: one S1 S 2
(11) Prisoner’s dilemma:a <0, b >0, ESS :one S 1 - 0.0
(1) Coordination : a>0,b>0, ESS two 1 ’ !

(1V) Hawk-Dove : a<0,b < 0, ESS one (mixed strategy) 22 e b,b

Payoff Matreg



Symmetric and Asymmetic Games

* Difference between Symmetric Two person game
and non-symmetric two person game (X F#2 A4 —

LEFERFR2 AT —LDIELY)

—>Player 1 and 2’ s payoff matrix are not same.

Player 2 Player 2
S1 |S2 S1 |S2
S1 |AA|C,B S1 AE |C,G
Player 1 Player 1
S2 |B,C|D,D s2 (B,F |DH

Symmetric Two Person Game

Replicator Equation:

17

symmetric Two Person Game

27K

\V4




Replicator equation and
the Lotka-Volterra equation

THEOREM (Hofbauer and Sigmund, 1998, etc.)
There exists a differentiable, invertible map from

m onto Rf_l mapping the orbits of
the replicator equation

xi = % ((AX), —x- AX),i =1,---,n.

onto the orbits of the Lotka-Volterra equation




Ultimatum Offer Game

(RIRIEET —L):

Player :two types (Proposer(}{eE#H&)&

Responder(i&&))

Situation: These players divide the M. (LA

Y—ODET, NDORENEEZ 5)
REENILEEFIZEDLLVDEIEE5 X

HADM? ]

—>If the proposer is rational, he proposes the small
amount to the responder. (EEBHIGIEREE LS

L. TESEIT DL IBEBICIRET D)

\V4




—>However, it is known that he propose a “fair”
trade in economical experiment. (LA LfEE

RAERBRTIE. [ 2ELZIIRENFET D)
(Anomaly)

—>Gale, et al.(1995)[HP] explains the
emergence of the “fair” trade by making the
above game’s model with noise.

(CDT—LzERIEL, /IXADEEIZELST

[N IIREDF-E

Yes |No

Fair

2,2 |2,2

Self.

3,1 {0,0

- ZERBALT-)



http://www.sciencedirect.com/science?_ob=ArticleURL&_udi=B6WFW-4G9TCW6-6&_user=2691873&_rdoc=1&_fmt=&_orig=search&_sort=d&view=c&_version=1&_urlVersion=0&_userid=2691873&md5=88f76ccf52798397be81fe60cbd1eaea

EX:ULTIMATUM OFFER GAME

NO NO
1 | 1
08 0.8
|
0.6 ' 06
0-4 0‘4 |
0.2 09
YES YES
e e o iy b jngﬂH : 0 2 0.4 0.6 08 1
Wil $ ol ' A . s
BBsL BERR| HLBEH

X 2: ) 4 X vigs v o ;
| 2 X 3: /4 AHb 284 (5; = 0.01, 6,,=0.1).

No Noise Noise

SFHEETIEFR2AT — LD KRB HGE D ITE /A XD %EN ITEEFEZER FFF
22l 5365 (2005), pp. 21-38. [HP]



http://ci.nii.ac.jp/naid/110004999195/

EX:ULTIMATUM OFFER GAME

NO NO
1 | 1
08 0.8
|
0.6 ' 06
0-4 0‘4 |
0.2 09
YES YES
e e o iy b jngﬂH : 0 2 0.4 0.6 08 1
Wil $ ol ' A . s
BBsL BERR| HLBEH

X 2: ) 4 X vigs v o ;
| 2 X 3: /4 AHb 284 (5; = 0.01, 6,,=0.1).

No Noise

SFHEETIEFR2AT — LD KRB HGE D ITE /A XD %EN ITEEFEZER FFF
22l 5365 (2005), pp. 21-38. [HP]



http://ci.nii.ac.jp/naid/110004999195/

Stochastic Evolutionary Game Theory
akw v S Y =AD
(FE R BE T — L IEER)
* This theory is applied finite Markov chain.
* Field : Economics (EIZ#EFFD 7 57)
. Kandori, et al. (1993) [HP], Young (1993) [HP]

We can describe the some
phenomena easily.

However, we can only understand
the state of equilibrium.

+ el Varkov Chain = game
P renmeppsapal (N cxtensive form \



http://www.jstor.org/stable/2951777
http://www.jstor.org/stable/2951778

Hot Topic (Mathematics)

SPATIAL STRUCTURE (Z2[511#:E)

\V4



Basically, by Simulation

SPATIAL PRISONER’S DILEMMA GAME,

EX

Nowak and May(Nature, 1992)[HP]

poppoann
Ch F-.mmn. ._"_..._.nu
pf gba mds g
catdemd frbaca
CICFF L0
Fﬂh Fm_mz
ﬁu._—.unr hd bd” LV-.__.HU
Loboodod

o il

can=t
Tl

Blue : C(cooperate)

Yellow: D following a C


http://www.nature.com/nature/journal/v359/n6398/abs/359826a0.html

Mathematical Methods

1) Partial Differential Equation ({R {5 A FE ()
(as Reaction Diffusion System (RIGHLEERELT))
— Pure Strategy‘s Set Space is Infinity

(FERBEROESNERESDHS)
OX;

2
i D-V x. +x(1- xi)(axi —b(l—xi))

2 ) Statistics Mechanics (#t5T J1=)
(as Applied Ising model, Spin Glass)
—> A lot of games are played simultaneously

(FB IS S H DY — LR 258 \/




Interpretation of Nash Equilibrium
(J.F.Nash’s Ph D. Thesis)

* 1. “Rationality” * - = the players are perceived as rational
and they have complete information about the structure
of the game, including all of the players’ preferences
regarding possible outcomes, where this information
about each other’s strategic alternatives and preferences,
they can also compute each other’s optimal choice of
strategy for each set of expectations. If all of the players
expect the same Nash equilibrium, then there are no
incentives for anyone to change his strategy.

e 2. “Statistical Populations” = = - is useful in so-called
evolutionary games. This type of game has also been
developed in biology in order to understand how the
principles of natural selection operate in strategic

interaction within among species.(— Mass Action)
(FROM Press Release — The Royal Swedish Academy of Sciences, 11 October 1994)

e
e dssel
WG
VENIIER
received a
grant from
the
National
Science
Foundation
to develop
a new
“evolutiona
ry” solution
concept for
cooperative
games.(Fro
m the
essential
John Kegish)


http://www.amazon.co.jp/gp/product/0691096104?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=0691096104

Summary
* Evolutionary Game Theory

1. Describe the out of equilibrium. And
evolutionary game theory is equivalent to

non-cooperative game

in equilibrium.

2. Wide Useful ! (GLFRT

FaN 1)

—> Assumption :only one.

* For Beginner,

DEFINE the payoff matrix (FliF &R ZRHB)

= DESCRIBE the

Phenomena.
(BgEDHT 5) \/



In progress

Unite “Time Series Analysis "’ and
“Evolutionary Game Theory”

- Particle Filter ! (B[ F71JL %)




Thank You For Your Attention

Mitsuru KIKKAWA (mitsurukikkawa@hotmail.co.jp)
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Text Book

For Detail, See my Website( Bookguide Readinglist )
Classsic:

[1] Maynard Smith, John Evolution and the Theory of Games , Cambridge
University Press, 1982/10. H A& :&Z

[2] Axelrod, Robert The Evolution of Cooperation , Basic Books, 1984/03. HA

Text Book:

[1] Weibull , Jorgen W. Evolutionary Game Theory , MIT Press, 1995/08/14. HAR

pan

[2] Hofbauer, Josef and Sigmund, Karl Evolutionary Games and Population
Dynamics , Cambridge University Press, 1998/07. H &R:&3

[3] Vega-Redondo, Fernando Evolution, Games and Economic Behaviour,
Oxford University Press, 1997/01.

[4] Samuelson, Larry Evolutionary Games and Equilibrium Selection (Mit Press
Series on Economic Learning and Social Evolution, 1) , MIT Press, 1997/04.

For Beginner :

1] BIRES, EHHEZ ELENERRTE V- XEBRAEDEE), HigE
|5, 2002/04/05.

RIKXERT HEHFEEDEOH DT —LEFH—ERENSICHAET \

£, 2008/09/25.
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http://www.amazon.co.jp/gp/product/4782815018?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4782815018
http://www.amazon.co.jp/gp/product/0465005640?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=0465005640
http://www.amazon.co.jp/gp/product/4623029239?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4623029239
http://www.amazon.co.jp/gp/product/4623029239?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4623029239
http://www.amazon.co.jp/gp/product/0262731215?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=0262731215
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http://www.amazon.co.jp/gp/product/052162570X?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=052162570X
http://www.amazon.co.jp/gp/product/4768703275?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4768703275
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http://www.amazon.co.jp/gp/product/4254295154?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4254295154
http://www.amazon.co.jp/gp/product/4254295154?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4254295154
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http://www.amazon.co.jp/gp/product/4326602139?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=7399&creativeASIN=4326602139

P R E LI M I NARI ES (EVOLUTIONARY GAME THEORY)
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Replicator Eq. and Payoff Matrix

e Strategy : Two, Player : Two
* Payoff

* Replicator Equation

y= Y(l_ Y){f1_ fz "'X(fs_ 1:4 — f1+ fz)}

X=X(1-x){9,-9,+Y(9,-9,—-0,+0,)}

X 1s the probability of the type 2 player chooses the strategy 2.
y Is the probability of the type 1 player chooses the strategy 1.\



fl_fz =4, 1:4_f3 =C0,—-0; ::d1gl_g3 =D

Derive

y = y(d-y)a-(a+c)x},x = xA-x){d - (b+d)y}

Classification

(1) Non-Dilemma, Prisoner’s Dilemma :
ac <0, bd >0, ESS:1
(11) Coordination :
a>0,b>0,c>0,d>0, ESS :2
(111) Chicken :
a<0,b<0,c<0,d<0, ESS :2
(1) Matching Pennie:

S2

S1

0,0

S2

ab<0,cd<0, ac>0,bd<0, ESS:Mixed

\/



o RKIATD—ERIE, FRR0FEEFRIR, XERFL
& 5 8—/\)LCOET 77Aiﬁz£ i
DB EFER RZHEEF IOV A
Faﬁ##ﬁmﬁ%kﬁ?‘é%éj@%:ﬁ‘ - E1E
—LERICKAS DT -1ICE T A RS
e E DB ZE=ZITTITHhNnT-.
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