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This Talk (A< Ex &)

 ANALYZEING the financial market (high-
frequency )with Evolutionary game theory.(E Rl
HIZHE T, EEy —LEHZRANT, 29 5)

 PREDICTSING the next market state with Stability
Analysis.(ZEED 7 ALVS_EIZ&K- T, RH
DHIZDIREETF Ell?“é)

« EXAMINING the Real Market (Future Market) to

apply this model. (FEELI=ETILZLEIZ. EED
Mmisza 719 5)

» MOVIE (avi) \/
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OUTLINE

. Introduction (Motivation)
. Related Literatures and Review
. Model

. Apply this model to the Future market (Nikkei
225)

5. Extension (Risk Attitude)

6. Empirical Evidence (Multi-Norminal Logit
Model)

7. Option Market (Black-Sholes Eq.)
8. Summary (Future works) \/
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1. INTRODUCTION




umil

Motivation (

* For Practical Use (EF5 D it
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More Detail (&Y E{ABIT), More Useful (&Y

ZIZ3LD)

—>We construct the market from the order book.

(RIFHRIZF B )
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Motivation (Z1)

* For Practical Use (5'%3’%’\0)%» 1%

5L T)

I\/Iore Detail (&Y E{KBJT), More Useful (&Y

ZI[Z3LD)

%We construct the market from the order book.

(RIFHRIZF B )

e +Use the “Real Data” (ZEfE DT —42%ZHY

#2)
- MOVIE (avi)
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2. RELATED LITERATURES AND
PRELIMINARIES
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Related Literatures(5t{THZ%)

 Micro Structure

Roughly speaking, we analysis the a\gents’
behavior from the financial data.(7T—4 M b5
ZNMEDITHZERD)

* Method: Evolutionary Game Theory (X£1E4 — L

IE_nHH)

— Esaley and O’hara (1992) [HP]

* Applied Evolutionary Game Theory

. JI| 75 (2008) [amazon] \ /



http://www.jstor.org/stable/2329116
http://www.amazon.co.jp/gp/product/4492313931?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4492313931
http://www.amazon.co.jp/gp/product/4492313931?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4492313931
http://www.amazon.co.jp/gp/product/4492313931?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=4492313931

How are stock prices determined ?

e Stock prices are determined by two methods, the

Itayose(#k 2 ") and Zaraba( ¥/ ) methods.
The ltayose method is mainly used to decide

opening and closing prices; the Zaraba method is
used during continuous auction trading for the
rest of the trading session.

[Nikkei 225 Future Market( B #£2255c%1)] [1day]

Morning Afternoon
Session Break Session Break Evening Session \
9:00 11:00 12:30 15:10 16:30 20:00



How are stock prices determined ?

e Stock prices are determined by two methods, the

Itayose(#k 2 ") and Zaraba( ¥/ ) methods.
The ltayose method is mainly used to decide

opening and closing prices; the Zaraba method is
used during continuous auction trading for the
rest of the trading session.

— The stock price are determined by Rule.
[Nikkei 225 Future Market( B $£2255¥1)] [1day]

Morning Afternoon
Session Break Session Break Evening Session \
9:00 11:00 12:30 15:10 16:30 20:00



Two Principles (22D & 8l])
1) Price Priority (ffi#& {25t MR 8l)

means that the lowest sell and highest buy
orders take precedence over other orders.

2) Time Priority (FfE{E £ DR El)

means that among orders at the same price, the

order placed earliest takes precedence.
Offer(sell) Price Bid (buy)

500 H 80000(1), B 1000(2), J 4000(3) \
late<- — early 499 H 1000(4), B 150000(5)



The Order Book (#x & k)

(Offer(sell)) Price  (Bid (buy))
_______________________________________________ The center column

6000 Market orders 4000 gives the prices, the
----------------------------------------------- second column from

3000 502 1000 the left shows the
______________________________________________ volume of individual
20000 501 7000 offers (sell). The right
----------------------------------------------- hand side of the
4000 500 10000 table represents the
--------------------------------------------- bid side (buy).
2000 499 8000
2000 i 30000 In this case, opening

price is 500 or 501.

Source : Tokyo Stock Exchange: Guide \
to TSE Trading Methodology Vi



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Assume: opening price is 500.

(Offer(sell)) Price  (Bid (buy))
...............................................  The market

Market Orders orders of 4000
2000 03 1000 shares to buy and
'''''''''''''''''''''''''''''''''' 6000 shares to
20000 501 7000
_______________________________________________ sell are matched,
4000 500 10000 |eaving Se”
5000 499 2000 orders of 2000
---------------------------------------------- shares.
4000 498 30000

Source : Tokyo Stock Exchange: Guide \
to TSE Trading Methodology



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Second Step

(Offer(sell)) Price  (Bid (buy))

3000 502
000 so1 \ooo)
"""""""""" s00| 10000

0\ a9  so00
Naoo/ 05 30000

Source : Tokyo Stock Exchange: Guide
to TSE Trading Methodology

e The market sell

orders of 2000
shares and sell
orders 6000 shares
at limit prices of 499
or less are matched
with the buy orders
of 8000 shares at
limit prices of 501 or
more. Thus far,
12000 shares have
been matched in

total. \



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Third Step

(Offer(sell)) Price  (Bid (buy))

* Finally, the sell

Market orders orders of 4000
"""""""""""""""""""""""""""""" shares at a limit
8000 502 price of 500 are

matched with the

---------------------------- buy orders of
>00 10000 shares at a

--------------------------------------------- limit price of 500.
499 8000 Although this still

498 30000 leaves buy orders

of 6000 shares at
Source : Tokyo Stock Exchange: Guide 500. \
to TSE Trading Methodology



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Fourth Step

(Offer(sell)) Price  (Bid (buy))

----------------------------------------------- * Thus the opening
_______________ Marketorders — price is determined
8000 502 at 500 and
T T transactions of
............................................... 16000 shares are
___________________ 21 % completed at 500.
499 8000
498 30000

The stock price and the trade depend on the
order book. ({fi# & P EE D A & (X IRIFHIZ K- \
TRET B



3. MODEL




Model (BT L)

* Players... large population : seller anc

potentially (K ANZD BIERITEFEY 3

F)

Seller and Buyer trade an asset.

e Goods (E,j') 1,E\7.|-

o Strategy (EXHR)... n (<o) {E&

buyer,
FEELLD

Here, the strike price : how much do you buy or

sell an asset. (CC Cl&E

BA . 5TEl

%)
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S|tuati0n (Traditional Evolutionary Game Theory)
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(,(((
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SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)
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SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.

Replicator Equation\/



Situation (two types players)

@




(

€))

At Random

Situation




. . No Trade
Situation

At Random

@ i




Situation




Situation

Stock Exchange which take account
of the order book decides the trade’s

contract. (BRI A R IEHZEE &I,
St 2T IRET D)




Situation

Another players look at the order

book (D TL AV —IItR1FEHZ R
TLY3).




Situation

Which strategy is Nash

P e o Equilibrium,
nother players look at the order if this game is played at
book (1 DTL AT —ZIRERER | - Ea P

\
TLD). (DY —LERBEREBMISTIE, &
DEBEAEELDZDOM?) B



Model (BT /L)
* Payoff (F1%) ... Buyer : S(t)-K, Seller : K-S(t)
where S(t) : current stock price, Brownian
Motion, K: strike price ({T{5E{4&)
* Replicator Equation

= —x 0,0-90)

DOy 0 0)-hw)

where X, y; : the probability of choosing the

strategy 1 for each player. g, h. : the payoff
when each player chooses the strategy 1. \/
y



EVOLUTIONARILY STABLE STRATEGY (ESS)

DEF.: WeibuII(1995): is an evolutionarily stable

strategy (ESS) if for every strategy Mthere exists
some such that the following inequality

holds for a

ulx,ey+0—¢&)x]>uly,ey+(1—¢)Xx].




EVOLUTIONARILY STABLE STRATEGY (ESS)

DEF.: WeibuII(1995): is an evolutionarily stable

strategy (ESS) if for every strategy Mthere exists
some such that the following inequality

holds for a

ulx,ey+0—¢&)x]>uly,ey+(1—¢)Xx].

INTERPRETATION: : incumbent payoff (fitness) is higher

than that of the post-entry strategy
(ESS : Mthe solution of the Replicator equation + 2 \/

asymptotic stable.)



PROPOSITION

PRO.(Bishop and Cannings (1978)): is
evolutionary stable strategy if and only if it meets

these first-order and second-order best-reply :

\V4



PROPOSITION

PRO.(Bishop and Cannings (1978)): is
evolutionary stable strategy if and only if it meets

these first-order and second-order best-reply :

(2.4) u(y,Xx)<u(x,x), Wy,
u(y, x) =u(x, x)
= u(y,y) <u(xYy),

(2.5)




PROPOSITION

PRO.(Bishop and Cannings (1978)): is
evolutionary stable strategy if and only if it meets

these first-order and second-order best-reply :
~—— Nash Eq

(2.4) u(y,Xx)<u(x,x), Wy,

u(y, x) = u(x, x)

(2.5)
= u(y, y) <u(xy),

VY # X,

Asymptotic Stable

Conditon /



Two Strategies Case
(B ES DEHY2D) :

* Replicator equation (see next slide)

X = x(1— X){-b(t) + (a(t) + b(t) )y},

y = y(i— y){o(t) - (a(t) + b(t) X},

where X, y is the probability of choosing the

strategy 1, 2 for each player.
Player 2

S1 S2
S1 |a(t),-a(t) 0,0
S2 10,0 b(t),-b(t)

playerl




Situation




Replicator Equation

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before.
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REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality).
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REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniquely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).




Replicator Equation

REPLICATOR EQ.

If the player's payoff from the outcome i is greater than the expected
utility x Ax, the probability of the action i is higher than before. And this
equation shows that the probability of the action i chosen by another
players is also higher than before (externality). Furthermore, the
equation is derived uniquely by the monotonic (that is if one type has
increased its share in the population then all types with higher profit
should also have increased their shares).

Two Strategies °
X = X(1—x){b—(a+b)x} s ;

Classification

(1) Non-dilemma:a >0,b <0, ESS: one S1 S 2
(11) Prisoner’s dilemma:a <0, b >0, ESS :one S 1 - 0.0
(1) Coordination : a>0,b>0, ESS two 1 ’ !

(1V) Hawk-Dove : a<0,b < 0, ESS one (mixed strategy) 22 e b,b

Payoff Matree



Replicator Eq. and Payoff Matrix

e Strategy : Two, Player : Two
* Payoff

* Replicator Equation

y= Y(l_ Y){f1_ fz "'X(fs_ 1:4 — f1+ fz)}

X=X(1-x){9,-9,+Y(9,-9,—-0,+0,)}

X 1s the probability of the type 2 player chooses the strategy 2.
y Is the probability of the type 1 player chooses the strategy 1.\



fl_fz =4, 1:4_f3 =C0,—-0; ::d1gl_g3 =D

Derive

y = y(d-y)a-(a+c)x},x = xA-x){d - (b+d)y}

Classification

(1) Non-Dilemma, Prisoner’s Dilemma :
ac <0, bd >0, ESS:1
(11) Coordination :
a>0,b>0,c>0,d>0, ESS :2
(111) Chicken :
a<0,b<0,c<0,d<0, ESS :2
(1) Matching Pennie:

S2

S1

0,0

S2

ab<0,cd<0, ac>0,bd<0, ESS:Mixed

\/



Prediction (% 8I)

* Replicator equation divided by xy(1-x)(1-y) :

b(t) a(t) *© _b() a()

).(:———|——,y:___

1—-vy X 1-x

 Discrete the above equations:

X(t+ &) = x(t) —(
y

y(t+¢) = y(t)+(
X



Payoff Matrix (F]15 )

i) T~ (UP) S1 |S2
N.E. (s1,s2),(s2,s2) S1 14+ - 10,0
S2 0,0 10,0

i) { (Down) S1 |[S2
N.E. (s1,s1),(s1,s2) ST 00 |00
S2 00 |-+

iii) — (No change) — T
N.E. (s1,s2) st l+- 00
S2 O’O - +

i),ii),iii) = (s1,52) (x>1, y=>0)




Second Step

(Offer(sell)) Price  (Bid (buy))

3000 502
000 so1 \ooo)
"""""""""" s00| 10000

0\ a9  so00
Naoo/ 05 30000

Source : Tokyo Stock Exchange: Guide
to TSE Trading Methodology

e The market sell

orders of 2000
shares and sell
orders 6000 shares
at limit prices of 499
or less are matched
with the buy orders
of 8000 shares at
limit prices of 501 or
more. Thus far,
12000 shares have
been matched in

total. \



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Payoff Matrix (F]15 )

i) T~ (UP) S1 |S2
N.E. (s1,s2),(s2,s2) S1 14+ - 10,0
S 0,0 10,0

i) { (Down) S1 |[S2
N.E. (s1,s1),(s1,s2) ST 00 |00
S2 00 |-+

iii) — (No change) — T
N.E. (s1,s2) ST [+~ 100
S2 O’O - +

i),ii),iii) = (s1,52) (x>1, y=>0)




Payoff Matrix (F]153&)

i) T (UP)
N.E. (s1,s2),(s2,s2)

i) 4 (Down)

N.E. (q1 s1).(s1,¢

i) — (No change)
N.E. (s1,s2)

i),ii),iii) = (s1,52) (x>1, y=>0)

This K2

S1 S 2
>L1+,- 0,0
>2 10,0 |0,0

S1 S 2

),0
+

S S 2
>L o 1+- {00
°2 100 |-+




4. Application:

NIKKEI 225 FUTURE MARKET
(B #2255 i5)
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EX: 20090826

| [
"20090826-1 txt" 1
"20090826-1-ave.dat" =
"20090826-4-ave.dat"




Payoff Matrix (F]1§3%)

i) ah (UP) S 1 S 2
N.E. (s2,s2) S |+ - 10,0
S2 0,0 +.+

i) { (Down) sS1 |s2
N.E. (s1,s1) SI |++ 10,0
2100 |-+

iii) — (No change) S1 |S2
N.E. Mixed Strategy. S1 |-+ (00

S2 O’O -+




EX: 20090826

T |
"20090826-rep.dat"
"20090826-pred.dat"




5. EXTENSION:
RISK ATTITUDE




RISK ATTITUDE

 We assume that the own utility is linear
function.(SETEMRDNAITIEFR THHER
ELTET=,)

* Each player has the non-linear utility.(Z Z TIER
FDGEEELEREICANSD, )

* We examine the equilibrium selection with this
nonlinear-utility. (£ CC D IELR A2 FABEE%E
AWT., BEHEROBEZERT D, ) \/




EXAMPLE(Allais Paradox)
[ Which lotteries do you like ?}

 There are three possible monetary prizes.
. First Prize Second Prize  Third Prize

: 2500 000 USD 500 000 USD 0 USD

* The decision maker is subjected to two choice
tests. The first consists of a choice between the
lotteriesL_1 and L"_1:

. L 1=(0,1,0) L 1=(0.10,0.89,0.01).

e The second consists of a choice between the
lotteries L_2 and L'_2:

. L 2=(0,0.11,0.89) L’ 2=(0.10,0,0.90).
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EXAMPLE(Allais Paradox)
[ Which lotteries do you like ?}

 There are three possible monetary prizes.
. First Prize Second Prize  Third Prize
. 2500 000 USD 500 000 USD 0 USD

* The decision maker is subjected to two choice
tests. The first consists of a choice between the
lotteriesL_1 and L"_1:

. L 1=(0,1,0) L 1=(0.10,0.89,0.01).

e The second consists of a choice between the
lotteries L_2 and L'_2:

. L 2=(0,0.11,0.89) L’ 2=(0.10,0,0.90).

el= L 1>l 1and L' 2>L 2. \/



 Utility function : g(x) , z : payoff
* Taylor Expansion:
o g(x+z)-g(x)=g’(x)z+0.5g" (x)z2+0(z3) .... (*)

Def. Given a (twice-differentiable) Bernoulli
utility function u(.) for money, the Arrow-Pratt

coefficient of absolute risk aversion at x is
defined as r,(x)=-u"'(x)/u’(x).

* (*)  glx+z)-g(x) = zg"(x)(1-0.5zr(x))
* (In economics, we assume g’(x)>0, g"(x)<0)\




EQUILIBRIUM SELECTION (¥ 71:&1R)
* Under g’(x)>0, g”’(x)<0 S
. + > laa |0,0
i) Non-Dilemma (a>0,b<0) °>? 10,0 |bb
* zr,(x)<2 and a>0,b<0
ii) Dilemma (a<0,b>0) : zr,(x)<2 and a<0,b>0
iii) Coordination (a,b>0) : zr,(x)<2 and a>0,b>0
iv) Hawk-Dove (a,b<0)

* zr,(x)<2 and a<0,b<0] zr,(x)>2 and a>0,b<0
zr,(x)>2 and a<0,b>0] zr,(x)>2 and a>0,b>0 \/




Payoff Matrix (F]153&)

i) T (UP)
N.E. (s2,s2)

i) 4 (Down)
N.E. (s1,s1)

i) = (No change)

N.E. Mixed Strategy.

S1 S 2
S1 - 0,0
2 10,0 |+,+

S1 S 2
>t 1++ 0,0
S2 0,0

S1 S 2
st 1.~ 10,0
S2 0,0




0.9
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EX: 20090826 (RISK)

I [ [

"20090826-rep-r.dat"
"20090826-rep-r2.dat"
"20090826-rep-r3.dat"
"20090826-rep-r4 dat"
"20090826-rep-r5.dat"
"20090826-rep-r6.dat"
"20090826<rep-r7 dat"

"20090826-rep-r8.dat" ———
"20090826-rep-r9.dat" - -

"20090826-rep-r10.dat"
_+.-"20090826-rep-r11.dat"
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e S A -r
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I [ [
"20090826-rep-r.dat"
K. s "20090826-rep-r2.dat"
09 L == "20090826-rep-r3.dat" --------
"20090826-rep-r4 dat"
"20090826-rep-r5.dat"
B, o, S —— "20090826-rep-r6.dat"
a:e T "20090826-fep-r7 dat" - - - -
) Sy "20090826-rep-r8.dat" ———
o P "20090826-rep-r9.dat" -

0.7 |- il 8 "20090826-rep-r10.dat"
- "20090826-rep-r11.dat"

The strategy to get a tiny

&

| utility € is c.h/asen

«1\ -
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02

P ) S R
s a T RN S : 5
041 - d - o SR .
. / _ et o
e _{s‘i___u__
= e

0 | | | | | | | | N
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0%



6. Empirical Evidence:
MICRO ECONOMETRICS

\V4



Multinominal Logit Model
(ZIEZERETIL)

e Order Book (¥R'[&¥R) is expressing that the
players choose the strategy/price at that

time.(ARFMIZH 1T 5HE DI+ (B RS Z R
iILTLVODOMZEERLTLNVD.)

e Strategy/Price : J (<o) {&,
o xEWLWOBMZEF =B N HFERRR j 7128 S
MRy (Ply=i | x)=Tg )




PANEL ANALYSIS(/ N\ )L 477):
TIME SERIES(F¥3% 51l): PARTICLE FILTER(iF

J4)L3) (Kikkawa

4] D ENF (X Iis)

State Space Model (K AREZE fiE]-

System model:

Observation model: g

We examine empirical evidence : why the

=T L)

UTILITY (ex. Y=o+BX+u;)

player chooses this strategy. (%t C D L& %

R,

ILT=Dh ? 25 R 5 [Z3E

S5 4) \ /



7. Application:

OPTION MARKET
(A7 aris)
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Black-Sholes Formula in this setting

e When we derive the Black-Sholes formula, the strike
price is influence by the boundary condition.({T{£

s MOEZELHAHDII IBAFHZEZHERT 5L

o ._

f(S,t):S-N( . +G\Ej®e”-N( 4 j

Oo~NT OoO~NT
where '@ the strategy 1’s strike price in equilibrium

(s DEBELI= 513 B 1T 1) PO o the
strategy 2’s the strike price in equilibrium.

is the probability_of choosing the mixed
TocnREWMERAT S HOOEE) | /



8. SUMMARY AND FUTURE WORKS
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Summary

* MODELING the Financial Market.

 DERIVING the payoff matrix for each
player.

e APPLYING the Real Market.

 DERIVING the Optimal Behavior for each
player.

* CONSIDERING the each player’s Risk
Attitude.

\V4



Future Works

« EMPIRICAL EVIDENCE (ZEZEFfFZE) : Particle
Filter (il F24)L73)

* GET

the Online Financial Data, CALCULATE and

DISPLAY. (>S54 TCTF—43a2 AFL.iAE
L. TNEERTT D)
* MAKE the software like a PUCK based on the

Evol

L33

utionary Game Theory. (PUCKDEILYS —

SRR D FEEER)
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