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This Talk (A< Ex &)

* This talk constructs the financial market model
with Evolutionary Game Theory. (A& [T EAE
F—LBEEANCHEDETILEZEST=.)
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1. INTRODUCTION




Motivation (Ef#4)

* Financial Theory
Probability Theory - Microeconomic Theory.

1. Data (Execution Price, Order book)

2. Method (Double Auction, Game Theory)
3. Practical Use (Excel)
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EX: 20090826

| [
"20090826-1 txt" 1
"20090826-1-ave.dat" =
"20090826-4-ave.dat"




The Order Book (#x & k)

(Offer(sell)) Price  (Bid (buy))
_______________________________________________ The center column

6000 Market orders 4000 gives the prices, the
----------------------------------------------- second column from

3000 502 1000 the left shows the
______________________________________________ volume of individual
20000 501 7000 offers (sell). The right
----------------------------------------------- hand side of the
4000 500 10000 table represents the
--------------------------------------------- bid side (buy).
2000 499 8000
2000 i 30000 In this case, opening

price is 500 or 501.

Source : Tokyo Stock Exchange: Guide
to TSE Trading Methodology J MOVI El \/



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html
movie/matsui20090826-2.avi
movie/matsui20090826-2.avi
movie/matsui20090826-2.avi
movie/matsui20090826-2.avi

Research Fields (this study)

Econo

metrics
(T =&F
=)

| S
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WHAT IS THE “GAME” ?

(Non-cooperative Game)
There are two interacting players (Player 1, Player 2).

If player 1 chooses strategy 1 and player 2 chooses
strategy 1, player 1‘s payoff is a, player 2’s payoff is b.

In this situation, which strategy does each player
choose ?

(The game is played only once.)

—>This game’s solution is Nash Equilibrium.

plaver2
S1 S2

S1 a.b 0,0 Nash equilibrium
Playert depends on the \
S2 0,0 c,d signs: a,b,c,d.




Can we compare own utility with an
another player’s utility ?
* |In micro economics, this answer is “No”.

Utility : cardinal (Z%%H8, measurable)
ordinal (FF24/4, not measurable, only order).

* |n game theory, this answer is “YES”.
von Neumann-Morgenstern’s utility function

* One of fundamental issues in Game Theory.

—>Estimate the utility function which can’t be observed
with “data”. \ /



e FERELNS

Double Auction

£ DFHI<D
BBEEL THRBIE 175,

NTRAREHRZERS. {

=ERNH B ZDODNTEFNFNE

ikn

RD3IDDEHEZFREFIZHE=T KOG
[ IFEELAELY,

4

i) Individual

ii) Pareto Efficient (/\L—F3hZR14)
iii) Incentive Compatible (5&E M 1L 14

Rationality ({&

A

)
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2. RELATED LITERATURES AND
PRELIMINARIES
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How are stock prices determined ?

e Stock prices are determined by two methods, the

Itayose(#k 2 ") and Zaraba( ¥/ ) methods.
The ltayose method is mainly used to decide

opening and closing prices; the Zaraba method is
used during continuous auction trading for the
rest of the trading session.

[Nikkei 225 Future Market( B #£2255c%1)] [1day]

Morning Afternoon
Session Break Session Break Evening Session \
9:00 11:00 12:30 15:10 16:30 20:00



How are stock prices determined ?

e Stock prices are determined by two methods, the

Itayose(#k 2 ") and Zaraba( ¥/ ) methods.
The ltayose method is mainly used to decide

opening and closing prices; the Zaraba method is
used during continuous auction trading for the
rest of the trading session.

— The stock price are determined by Rule.
[Nikkei 225 Future Market( B $£2255¥1)] [1day]

Morning Afternoon
Session Break Session Break Evening Session \
9:00 11:00 12:30 15:10 16:30 20:00



Two Principles (22D & 8l])
1) Price Priority (ffi#& {25t MR 8l)

means that the lowest sell and highest buy
orders take precedence over other orders.

2) Time Priority (FfE{E £ DR El)

means that among orders at the same price, the

order placed earliest takes precedence.
Offer(sell) Price Bid (buy)

500 H 80000(1), B 1000(2), J 4000(3) \
late<- — early 499 H 1000(4), B 150000(5)



The Order Book (#x & k)

(Offer(sell)) Price  (Bid (buy))
_______________________________________________ The center column

6000 Market orders 4000 gives the prices, the
----------------------------------------------- second column from

3000 502 1000 the left shows the
______________________________________________ volume of individual
20000 501 7000 offers (sell). The right
----------------------------------------------- hand side of the
4000 500 10000 table represents the
--------------------------------------------- bid side (buy).
2000 499 8000
2000 i 30000 In this case, opening

price is 500 or 501.

Source : Tokyo Stock Exchange: Guide
to TSE Trading Methodology J MOVI El \/



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html
movie/matsui20090826-2.avi
movie/matsui20090826-2.avi
movie/matsui20090826-2.avi
movie/matsui20090826-2.avi

Assume: opening price is 500.

(Offer(sell)) Price  (Bid (buy))
...............................................  The market

Market Orders orders of 4000
2000 03 1000 shares to buy and
'''''''''''''''''''''''''''''''''' 6000 shares to
20000 501 7000
_______________________________________________ sell are matched,
4000 500 10000 |eaving Se”
5000 499 2000 orders of 2000
---------------------------------------------- shares.
4000 498 30000

Source : Tokyo Stock Exchange: Guide \
to TSE Trading Methodology



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Second Step

(Offer(sell)) Price  (Bid (buy))

3000 502
000 so1 \ooo)
"""""""""" s00| 10000

0\ a9  so00
Naoo/ 05 30000

Source : Tokyo Stock Exchange: Guide
to TSE Trading Methodology

e The market sell

orders of 2000
shares and sell
orders 6000 shares
at limit prices of 499
or less are matched
with the buy orders
of 8000 shares at
limit prices of 501 or
more. Thus far,
12000 shares have
been matched in

total. \



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Third Step

(Offer(sell)) Price  (Bid (buy))

* Finally, the sell

Market orders orders of 4000
"""""""""""""""""""""""""""""" shares at a limit
8000 502 price of 500 are

matched with the

---------------------------- buy orders of
>00 10000 shares at a

--------------------------------------------- limit price of 500.
499 8000 Although this still

498 30000 leaves buy orders

of 6000 shares at
Source : Tokyo Stock Exchange: Guide 500. \
to TSE Trading Methodology



http://www.tse.or.jp/about/books/trading_method.html
http://www.tse.or.jp/about/books/trading_method.html

Fourth Step

(Offer(sell)) Price  (Bid (buy))

----------------------------------------------- * Thus the opening
_______________ Marketorders — price is determined
8000 502 at 500 and
T T transactions of
............................................... 16000 shares are
___________________ 21 % completed at 500.
499 8000
498 30000

The stock price and the trade depend on the
order book. ({fi# & P EE D A & (X IRIFHIZ K- \
TRET B



3. MODEL




Model

e Ref. Chatterjee and Samuelson (1983).
* Players... large population : seller and buyer,
potentially (R AZD BERIETY FEEWVF)
Seller and Buyer trade an asset.
e Goods (B7) ... 1B4
o Strategy (BLHBg)... n (<o) &. p,, p,,
Here, the strike price : how much do you buy or sell

an asset. (C_TCIZEEA . SeAIFY)
* Payoff (FI1%) ...
Buyer : max[v,-p,] Prob(OB),
Seller : max[p.-v.] Prob(OB).

where Prob(OB) o Prob (p, = p.(v.)) X Prob(OA)\/

(BIAEIDHEH) (MEI~DIEEE)



http://www.jstor.org/stable/170889
http://www.jstor.org/stable/170889
http://www.jstor.org/stable/170889

EXAMPLE: The Order Book (#R'[& k)

(Offer(sell)) Price  (Bid (buy))

0  Marketorders 0 This order book is on Nikkei
T Future Market(9:03, 51,
_____________________________________________ November, 2009. MOVIE

506 9830 - (avi) )

444 C1:510 J—
a0 om0 I The center column gives
-------------------------------------------- the prices, the second

/84 9800 column from the left
. a0 o shows the volume of
--------------------------------------------- individual offers (sell).
oo s e The right hand side of

----- 9770 640 the table represents the
""""""""""""""""""""""""""" bid side (buy).

------ 9760 643 \

/


20091105.avi
20091105.avi
20091105.avi
20091105.avi

*

B — {55

V=V

)

Ex. Itayose Method

ANl

HE S [ 25t it
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Linear Equilibrium
* Seller’s Strategy : p.(v.)=a.+c.v.. p. : uniform
distribition on [a,,a+c.] &> p.=(a,+c, +v.)/2
* Buyer’s Strategy: p,(v,)=a,+c, Vv, . py, : uniform
distribution on [a,,a,+c,] > p,=(v,+a,)/2

= p.(v.)=2/3+v./2, p,(v,)=1/3 + v, /2.

Vp Vp=Vs
1 vV, =V, +2/3

Myerson and

Satterthwaite (1983)
> ED AN
o v | BLRIEEE5ND,




Kikkawa (2009) (related : Logit model)

 Many players play the game simultaneously.

e Kikkawa (2009) formulates this situation with
statistical mechanics (#t:t H=).

Prop. We obtain the probability distribution of actions,
{S;}, i=1,...,N, and the player’s payoff from the outcome

s f,

P({S})=Z" exp(y f),
{S;}:a player i’s action, y: non-negative constant, f: the
player’s payoff from outcome {S.}, Z: normalization
parameter.

e Kikkawa (2009) is similar to Quantal Response
Equilibrium. (Mckelvey and Palfrey (1995, 1996) )\


http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://linkinghub.elsevier.com/retrieve/pii/S0899825685710238
http://www3.interscience.wiley.com/journal/119957614/abstract

Interpretation of Nash Equilibrium
(J.F.Nash’s Ph D. Thesis)

1. “Rationality” - = = the players are perceived as rational
and they have complete information about the structure
of the game, including all of the players’ preferences
regarding possible outcomes, where this information
about each other’s strategic alternatives and preferences,
they can also compute each other’s optimal choice of
strategy for each set of expectations. If all of the players
expect the same Nash equilibrium, then there are no
incentives for anyone to change his strategy.

2. “Statistical Populations” - = = is useful in so-called
evolutionary games. This type of game has also been
developed in biology in order to understand how the
principles of natural selection operate in strategic
interaction within among species.(— Mass Action)



http://www.amazon.co.jp/gp/product/0691096104?ie=UTF8&tag=kikkawaamazon-22&linkCode=as2&camp=247&creative=1211&creativeASIN=0691096104

PROPOSITION (Kikkawa, 2009)

PRO.: x € A is an evolutionary stable strategy in an
evolutionary game with statistical mechanics, if
there exists some m such that the inequality (*)

holds for all m”.

u(y,x) = u(x,x), Vy,

(*) lm—m" | <e . Lyapunov Stable
Condition

where, m™ stands for the index of the strategy

\V4



Multinominal Logit Model

From Kikkawa (2009), we can know the probability
of choosing the strategy for each player.

_|_

Data (the probability of choosing the strategy for
each player)

Regression analysis([Bl)& 73 #T)
Y=a+yf+u, u:logisticdistribution.

We can estimate optimal parameters in this model
with Least Squares Method (5x/|\2 3 %) \/


http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216
http://ptp.ipap.jp/link?PTPS/179/216

How to analyze the order book

Step 1) Logit Model (Derive the probability of choosing the strategy
and transform this into log function.)

Step 2) Regression analysis.
OA: Y=-0.65307+94079.26X,-9.59255X,,
Y=-0.66468+74928.44X,-7.6642X,.
Step 3) Derive v, v,. v.=9776, v,=9807.53.

-OA:
Step 3’) Derive the Demand and Supply function.
Y=583.93-146.27X, Y=-237.14+59.57X

Step 4’) In equilibrium, we know that the quantity demanded is equal
to the quantity supplied.

Step 5’) Derive the Nash equilibrium.
X*=9740. \




Practice Use

 Excel

e Realtime Spread Sheet (provided by Rakuten
Securities, Inc. (ZEXRIEZ) )

. [MOVIE] (YouTube) *=222% 2r2=
2010/05/10 09:42- "~



http://www.youtube.com/watch?v=sXffxpF2wJU
movie/20100510-rakuten

4. DYNAMICAL SYSTEM
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Replicator Equation

e | Assumption : Monotonic (B 3A14) : & F(A(E
HAF R SF DS EHH R Z X, .T%)

+ Q

> Replicator AEEXNEH SN S,
dx(t)/dt = x. (Ax, —x Ax), i=1,..., n.

o x;: EXBGi ZERAI DM, Ax : BlS | ZHRFE
LT=FRrDHI1F. x Ax: PR EAFFR S \/




S|tuati0n (Traditional Evolutionary Game Theory)

) '5
(,(((
€) & .9-9 <
-9-3 o

D8 ra




SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)




SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.
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SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.




SituatiOn (Traditional Evolutionary Game Theory)
At Random (infinitely)

Another players look at the game.

Replicator Equation\/



Situation (two types players)

@




(

€))

At Random

Situation




. . No Trade
Situation

At Random

2R EE
@] Chance to

FI

[[g TRADE
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Situation




Situation

Stock Exchange which take account
of the order book decides the trade’s

contract. (BRI A R IEHZEE &I,
St 2T IRET D)




Situation

Another players look at the order

book (D TL AV —IItR1FEHZ R
TLY3).




Situation

Which strategy is Nash

P e o Equilibrium,
nother players look at the order if this game is played at
book (1 DTL AT —ZIRERER | - Ea P

\
TLD). (DY —LERBEREBMISTIE, &
DEBIEELRZDM?)



Model (BT L)

* Replicator Equation

0 _ x (o, -9

dy; (t)

— v, @)(h, () —h(t))

where x,, y; : the probability of choosing the
strategy 1 for each player. g, h. : the payoff
when each player chooses the strategy 1.

\V4



Two Strategies Case
(B ES DEHY2D) :

* Replicator equation (see next slide)

X = X(1— X){=b(t) + (a(t) + b(t) )y}

y = y(1— y){b(t) — (a(t) + b(t)x},

where X, y is the probability of choosing the

strategy 1, 2 for each player.
Player 2

S1 S2
S1 |a(t),-a(t) 0,0
S2 10,0 b(t),-b(t)

playerl




Situation




Prediction (% 8I)

* Replicator equation divided by xy(1-x)(1-y) :

b(t) a(t) *© _b() a()

).(:———|——,y:___

1—-vy X 1-x

 Discrete the above equations:

X(t+ &) = x(t) —(
y

y(t+¢) = y(t)+(
X



Payoff Matrix (F]153&)

i) T (UP)
N.E. (s2,s2)

13]|9S

i) 4 (Down)
N.E. (s1,s1)

i) = (No change)
N.E. Mixed Strategy.

Buyer

S 1(BEAR) | S 2(BULL)
S1(BULL) | 4 - 0.0
S2(BEAR) [ 0 + +

S 1(BEAR) | S 2(BULL)
S1BULL) |+ + 0.0
S2(BEAR) | 0.0 -+

S 1(BEAR) |S 2(BULL)
S1BULL) |_ 4+ 0.0
S2(BEAR) |0 () -+




Payoff Matrix (¥

i) T (UP)
N.E. (s2,52)

13]|9S

i) J, (Down)
N.E. (s1,s1)

iii) = (No change)
N.E. Mixed Strategy.

S 1(BULL)

S 2(BEAR)

0,0

S 1(B

S 1(BULL)

+ +

S 2(BEAR)

0,0

S 1(B

S 1(BULL)

S 2(BEAR)

0,0




EX: 20090826

T |
"20090826-rep.dat"
"20090826-pred.dat"




4. EXTENSION:
RISK ATTITUDE




RISK ATTITUDE

 We assume that the own utility is linear
function.(SETEMRDNAITIEFR THHER
ELTET=,)

* Each player has the non-linear utility.(Z Z TIER
FDGEEELEREICANSD, )

* We examine the equilibrium selection with this
nonlinear-utility. (£ CC D IELR A2 FABEE%E
AWT., BEHEROBEZERT D, ) \/




 Utility function : g(x) , z : payoff
* Taylor Expansion:
o g(x+z)-g(x)=g’(x)z+0.5g" (x)z2+0(z3) .... (*)

Def. Given a (twice-differentiable) Bernoulli
utility function u(.) for money, the Arrow-Pratt

coefficient of absolute risk aversion at x is
defined as r,(x)=-u"'(x)/u’(x).

* (*)  glx+z)-g(x) = zg"(x)(1-0.5zr(x))
* (In economics, we assume g’(x)>0, g"(x)<0)\




Payoff Matrix (F]153&)

i) T (UP)
N.E. (s2,s2)

i) 4 (Down)
N.E. (s1,s1)

i) = (No change)

N.E. Mixed Strategy.

S1 S 2
S1 - 0,0
2 10,0 |+,+

S1 S 2
>t 1++ 0,0
S2 0,0

S1 S 2
st 1.~ 10,0
S2 0,0




0.9
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EX: 20090826 (RISK)

I [ [

"20090826-rep-r.dat"
"20090826-rep-r2.dat"
"20090826-rep-r3.dat"
"20090826-rep-r4 dat"
"20090826-rep-r5.dat"
"20090826-rep-r6.dat"
"20090826<rep-r7 dat"

"20090826-rep-r8.dat" ———
"20090826-rep-r9.dat" - -

"20090826-rep-r10.dat"
_+.-"20090826-rep-r11.dat"

S,
I;lP’
v
o d
: ¢
a™ h)
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A
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B
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&
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= xichy
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e S A -r
——— S LG
S e P, N 2
==
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I [ [
"20090826-rep-r.dat"
K. s "20090826-rep-r2.dat"
09 L == "20090826-rep-r3.dat" --------
"20090826-rep-r4 dat"
"20090826-rep-r5.dat"
B, o, S —— "20090826-rep-r6.dat"
a:e T "20090826-fep-r7 dat" - - - -
) Sy "20090826-rep-r8.dat" ———
o P "20090826-rep-r9.dat" -

0.7 |- il 8 "20090826-rep-r10.dat"
- "20090826-rep-r11.dat"

The strategy to get a tiny
payoff € is.

&

06 -

05 -

L QSE n:

ga Som
5

RISK > Herd Behavior

03 -

02

g e ]
27 ke — 3 e
01 B f’//ﬁ'/ —f__‘_;;_ﬂﬂ-__—.:-ﬂ—'— __:—‘______ﬁ_/-__b_‘\ L d
. ol . e
s =___
— M 2

0 | | | | | | | | N
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0%



5. TIME SERIESE ANALYSIS
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Time Series Analysis (Particle Filter)

* Extending this game theory as a particle
filter.(Kitagawa (1996))

» State-Space model (IKREZERET L)
(Observation model) P=z1exp(y(t) f(t)), i=1,...,k.
(System model) z.,,=Fz +Gv,.

 We can analyze the dynamical model with this

method. \/



http://www.jstor.org/stable/1390750

» v: RE/NTAS.
® Vi1 = Ve TV, Vi Normal distribution.
* v, V, :constant (short time).

e Maximum likelihood estimation(E /L&)

TIME
120 10010 ARROW

40 10000
9990 80
9980 50
9970 (




° Fl:ﬁﬁﬁ}ﬁi

1. BRREAERBEET S, 20O

WORKING

MEHL

HTLBM., Z2TylEH

Cﬁo

Kt
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6. SUMMARY AND FUTURE WORKS
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Summary

» MODELING the Financial Market.(& #4115
=TT LT)

 ANALYZING the impact of each player’s Risk
Attitude. (B ERIZ) R VI T DREELH
HizErZEERLT)

* ANALYZING the Order book with Multi-Logit
Model and DERIVING how to forecast the

next step’s price.(fRIE =T % YN ET

JLERWLTHHL. /ﬁm%ﬁm JF%E%M
BT FREE ) /




Future Works

* TIME SERIES ANALYSIS: Panel Data

* Victor Aguirregabiria and Pedro Mira “Dynamic
discrete choice structural models: A survey,”
Journal of Econometrics, Volume 156, Issue 1,
May 2010, Pages 38-67. [HP]

* (Summary of Aguirregabiria and Mira (2010, JE))
[PDF] (Adachi A @Nagoya Univ.)


http://www.sciencedirect.com/science?_ob=ArticleURL&_udi=B6VC0-4X7R85S-3&_user=204347&_coverDate=05/31/2010&_rdoc=1&_fmt=high&_orig=search&_sort=d&_docanchor=&view=c&_searchStrId=1336718764&_rerunOrigin=scholar.google&_acct=C000013999&_version=1&_urlVersion=0&_userid=204347&md5=028ced6b971093c8cb7d6b91bdaf79dc
http://sites.google.com/site/takanoriadachi/aguirregabiria_mira_2010_JE_for_study_group.pdf

Superstatistics (BT &T)

 Compare with Superstatiscs and Particle Filter.

» Beck and Cohen (2003) [C&KYUIRZESINT-
BoltzmanZ 1 D /NS A—R—y a5 Hh\D 77
MIZE-TLNBEE,
* exp (yf)=exp (yf)h(y),
h(y):[a,a+b] LD —F&5 1 : h(y)=1/b

P(S:)=exp(y,f)(1+b*f2/24+b**/1920 + ...) \/



http://linkinghub.elsevier.com/retrieve/pii/S0378437103000190
http://linkinghub.elsevier.com/retrieve/pii/S0378437103000190
http://linkinghub.elsevier.com/retrieve/pii/S0378437103000190

Thank You For Your Attention

Mitsuru KIKKAWA (mitsurukikkawa@hotmail.co.jp)

This File is available at
http://kikkawa.cyber-ninja.jp/

NEXT MY TALK 5/22 @Meiji Uni\x/



http://kikkawa.cyber-ninja.jp/
http://kikkawa.cyber-ninja.jp/
http://kikkawa.cyber-ninja.jp/
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